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Fig. 2. Illustration of the end-to-end learning framework. The superscripts for a sample m are omitted.



Implicit Iayer RDFEE s s zmmenne s ssmmons

BHsh719E 2 70— L HANE

1:AW =
2 k)

DIRKEHDE=R/IME

HEEBE B REEDHEIIUTOERL
LD k) _ (;;(k) — Py (R — agg(;;(k),@))

PH1(z(k))
= Ty(z, z)

HBIEE REEANDH L, 212 &
RS d R4

1: BEEERRESE RiEREET, Eﬁ%ﬁ‘?i’iiﬁ?ﬁ“ﬁﬁitii_&b
2 : Anderson Mixing BEDOREERBEICEM L TERINE% IR 5 INEE
3 : Weighted Ergodic Iteration UYREZE#IEGHICHET S E&ﬁ?qzﬁﬂﬁlf
4 : Root finding(Broydeni%) @fith' % { TH AR%Z AT B#E =2 — |

BREMD /NNy o 7TANT —

II]g.HEqND[,C(U*[m],U[m})} s.t. h*m

), BiK70—0ERg v (—2EREV)PKRE S

VETEEERE
—>av

e VI(Co(h, z), H™), = A" ptm

BAEHK L0 0™ OARISHBHEEEFMBEOEESMRE 2 OMAHLE

HBIETE SMREOG TR 2 2 s EE T 2055 a2 FAaEn
AR #EE (implicit Function Theorem)Z W3 &2+ %
NND/NT A —20DEFREBME RBLT LN TES

0z _ (. 0Ty(z"2) L aTy(2*, x)
06 0z* 00

21

Implicit layer
Solve a batch of Vis

]

Loss function £(v*Iml, M)

(1]
q R0 € VI(Cy(h, x), 7111

Demands q? Link flow

observations

h*12 e VI(Cy(h, x), 2]

h*Bl e VI(Cy(h,x), HB))
Context
features

|l

aL(v")
a0

Input

Traveler characteristics

Implicit Layer

Path flows h fe——

Weight Net Fy Attribute Net Gg

Weights | w Attributes | T

[ ]
+

Tweoml
v
!
NO - Fixed-point-iteration
or Root-finding

Output Equilirbium path flows [ h*)

1

Equilirbium link flows ~( ©* )

Fig. 2. Illustration of the end-to-end learning framework. The superscripts for a sample m are omitted.



Implicit Iayer RDFEE s s zmmenne s ssmmons

BRE#ONNy s 7aNRTG— 3V

S EARG #0EEE (implicit Function Theorem)
z* #NND/NT X —2 0D EHREHE REE S

0z _ (, 0Ty(z"2) L ATy(2*, x)
06 0z* 00

LOREHBDS B, FETHOHEHSEL

“Jacobian-free Backpropagation”|c & » TEFEESMEICRETE S

. (5’Tg(z*,m))T oL

9z 97 g
CHORDPNEREEFIZ Va7 yORKEGEDOEMMEN I EETHDIE

Y 7Yy VERIED ERTMZ BTHICA <7 FLERLEZZTHITS 2L CREEHRET
_ . _ BRNGB&DLipschitz E8 L <1
[Tolz) = Tol) | < Lello =2l Vonz g g g5 e msie o

oL (9T ' e .
90 \ag ) 9 hicky, BEXBEHZEF LN TES

28

Implicit layer
—_— Solve a batch of Vis Loss function £(v*Iml, M)

[1]
q 1l € VI(C(h, x), 31

Demands Link flow

observations

r*2 € VI(Cy(h,x), 3 2])

h*Bl e VI(Cy(h,x), HB))

Context .
features \
\—

aL(V")

Backpropagate: calculate

a6

Input

Traveler characteristics

Demands @

Implicit Layer Path flows g h ¢

Weight Net Fy

Weights ( w Attributes \ T \,

l A
+

Tweoml
\
!
N9 Fixed-point-iteration
or Root-finding

Output Equilirbium path flows ( h* )

1

Equilirbium link flows i v* ‘;)

Fig. 2. Illustration of the end-to-end learning framework. The superscripts for a sample m are omitted.



4 :

Experiments

29



TR EIE B D #E fi

ER%Y F7—72 :SiouxFallsty b 7—2 (Vv o#76. /— F#28. oDR7#528)
ZODR 7 THEAFRRETOBEIIEEAIEV L3RRS EIR, BRESP, LT3

1 : 3k

2 =12

3 i%EE

T—RXDEEE

1.1: FHEDRE

1.2 : AW BEMORE

— 132y POBEDERE

2.1 : Attribute Net (Link, Node, Path Block)
2.2 : Weight Net

2.3 FEOHEFE

Ml EDER

31: PRIV XLOEHEDHEICK B LB
3.2 : MAPE (¥ xd 352 ) T DFFi

P ERFIEE DLLE
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1 : 3T — 2 DERK J>v s aR FEE(BPREIE)
1.1 HEDEE o\’
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ER%Y F7—72 :SiouxFallsty b 7—2 (Vv o#76. /— F#28. oDR7#528)
ZODR 7 THEAFRRETOBEIIEEAIEV L3RRS EIR, BRESP, LT3

2 . =-a—F)xy POBERTE 2.3 XEOHEFE
IE{E3%E (forward) : (=% (backward) :
2.1 : Attribute Net (Link, Node, Path Block) F o ERAE JF: Jacobian-free Backpropagation
Link Block FA : Anderson Mixing NA : Newman Approximation
FHICF v ) 71— a¥ Shi-BPREH FW : Weighted Ergodic Iteration FA : Fixed point Approximation
Node - Path Block R :Broydeni:
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&E P 4fED=2—AY FA-R :FA+R
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Table 1
Forward algorithm hyperparameters.
Name K o) B I8! Ky L) [} ¥a
F le3 le-3 1 0.9 - = - -
FA le3 le-3 1 0.9 - - - -
FW le3 le-3 1 0.9 - - - -
R - - - - le2 le-3 1 0.9
F-R le3 le-3 1 0.9 le2 le-3 1 0.9
FA-R 10 le-3 1 0.9 10 le-3 1 0.9
FW-R le3 le-3 1 0.9 le2 le-3 1 0.9
3.2 : MAPE (x4 3524 5) T OFFl
Y >y 70-FRO N2y T IiE
1 % A:xyhT—0RDE) VI ES
'U - va
n = Al E a x 100% ViUV 0 leBiFBFRTO—
v
ac A @ Vgt Y7 alcHBEE (ground-truth)
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BEEmRETRENCUERE. Root-finding ICTIDE 2,
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L\) o

Weighted Ergodic = Broyden ix@/\1 7w K (REBE - 5BEEEIh3) o
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Table 1
Forward algorithm hyperparameters.
Name Ky @ B g Ky oy # ¥a
F le3 le-3 1 0.9 - - - -
FA le3 le-3 1 0.9 - - - -
FW le3 le-3 1 0.9 - - - -
R - - - - 1e2 le-3 1 0.9
F-R 1e3 le-3 1 0.9 1e2 le-3 1 0.9
FA-R 10 le-3 1 0.9 10 le-3 1 0.9
FW-R 1e3 le-3 1 0.9 1e2 le-3 1 0.9
3.2 : MAPE(Eig# 3382 3R) T DO
Dy 7a—FioN—tryF—8RE
A vy hT—rROEU VI ES
1 v¥—wv
a
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FILTIVZXL%E

F

FA

FW

F-R

FA-R

FW-R

llcl‘\-lll
an

L<l

[24]

Jé

14l

K2

34

AR - f

BEZEmREE (Fixed Point lteration) 727 Z{ER. ¥ v FILIEHINEREREIZED,
Anderson Mixing ZIZ FcEERRE, BEDOEREMEFS L TNRE SEE,

Weighted Ergodic Iteration (MET/LT— KR{EX) . & Jacobian £ET TR
w=EER L,

Root-finding (Broyden ;&) DER, mRIEHILERT —RXHB D,
BEEARETARENCUNER,. Root-finding IcHIh &2,
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L\) o
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R DOE | FRNEE O LS

1: ERFELDOLLE
1.1 : DUE, SUE, SUE-2 & MLk

2 MERAT7NLTY X LB

21 : IBEEOT7NLTY X LOINEERE

B{5=3#% (forward) :

1.1.2 . ETILDHERE (In-distribution test)

F BEEsREX: R : Broydenix
. — ? A i . . i - :
1.1.3 : ET )L DAL EEE(Out-distribution test) FA : Anderson Mixing F-R F+R
FW : Weighted Ergodic Iteration FA-R FA+R
Table 2
MAPE of different network equilibrium models. MAPEs are shown in percentage. FW-R FW+R
In-distribution test
Demand Capacity DUE #, SUE 4y SUE-2 4n Implicit Ay
Base Default 20.6 -4.7 -11.8 -15.0
Uncongested Default 12,5 =3.1 -0.2 -3.4
Congested Default 13.41 -0.6 -4.4 -10.2 3 —%—F
Mean 15.5 2.8 (~18.2%) 5.4 (~35.1%) ~9.5 (~61.5%) 3001 S\N
Out-of-distribution test 250+ —— R
Demand Capacity DUE 7, SUE 41 SUE-2 41 Implicit 4q < -+ FR
2 FA-R
Default 22.3 -7.3 ~14.4 ~16.6 & 2001 e ey
Base —50% 11.3 +13.4 -1.6 -7.9
+50% 8.1 +4.8 -1.0 -1.3 1504
Default 23.4 -85 -15.6 -14.9 e
Uncongested -50% 121 +12.6 -2.4 -4.1 1004, . . . . .
+50% 10.4 +2.5 -33 -1.1 5 10 5 20 25
Epoch
Default 13.8 -3.5 -6.3 -10.1
Congested
+50% 11.9 =35 -5.2 -6.4 Fig. 5. Training process of different forward algorithms.
Mean 14.2 +1.3 (49.2%) —6.2 (—44.0%) 7.8 (-55.1%)
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LEBiG R

faRDLLE : FHREDLLER 2.3 BERBEOTNTY XLDLLE
FA(Fixed point Approximation) & R

2 ({ERA7NMTY XLEDLLE

o . 2 |- E
99 : 7Y X LREIDMAPELL S JF(Jacobian-free Backpropagation) I3 B ICER

— »

250 / -~- JF e -~- JF ' -+- JF
. . . N N =] ! -+- NA 150-poees, -+- NA 350 { % -+~ NA
Weighted Ergodic Iteration + Broydeni: »®RER P A g Ky B A B
w245 [/ N u X "._ ' , 300 i
= P M0 W = ‘\Q
N g ty £ 250
Table 3 = . = ' = e
. . . A409 e 133 S e
MAPE of proposed forward algorithms. MAPEs are shown in percentage and superscript. . 7 a4V 200 2,
. N /,./ 130 "’\._» A %
In-distribution test 25 2 ~ e M 150 Q‘{WN__N
Dema.ﬂd Capacity F FA FwW R F-R FA-R FW-R 0 500 1000 1500 0 1000 2000 3000 4000 0 2000 4000 6000 8000
CPIT time (sec) CPIJ time (sec) CPTI time (sec)
Base Default 8.4 5.67 8.7 8.0 8.7 6.2 6.0 () (®) (©)
Uncongested Default 9.5 9.1 8.1 9.5 8.3 8.5 B.O*
Congested Default 6.1 3.2 3.2 6.2 11.0 4.5 2.1* Fig. 6. Performances of different backpropagation methods under (a) base, (b) uncongested, and (c) congested demand.
ng

Mean 8.0 6.0 Lt 7.9 9.3 6.4 5.7*

std 1.8 3.0 2.4 1.7 1.4 2.0 25 24 : AR P IVIEREIC K 2E5HEERE L 75T

Out-of-distribution test

Demand Capacity F FA FW R F-R FA-R FW-R Wi IE*E'":% Y W/O . IE*E“S& L IE*E": —Cﬁ"‘Js"’ZI'ﬁ:ItE < 7:-; 6

Default 7.5 3.7 5.8 7.2 7.7 6.4 6.0 155

Base -50% 45 3.4* 3.4 5.0 48 3.6 3.4 B e [ o)1 i 014] 1
+50% 9.1 6.9 7.0 10.2 9.3 8.8 7.4 ol \\\ s }\ sia]
Default 8.3 8.5 7.6 8.1 8.0 8.2 7.5* £ A LI 2 om0
Uncongested -50% 9.5 8.0 7.3 9.9 7.6 14.4 6.9 & 200 % & 135 N & o8
+50% 8.4 9.4 7.9* 8.4 8.2 7.9* 7.9* N \m 0 i P ooc
Congested Default 5.7 3.6 3.8 5.1 10.2 4.3 3.6* * - S o)
+50% 8'8 5.5% 5.7 6‘2 1 19 6.1 5'5* 0 1000 2000 3000 4000 0 1000 2000 3000 4000 0 2000 4000
Mean 27 6.4 6.1 75 8.5 75 6_0* CPU time (sec) CPU time (sec) CPU time (sec)
std 1.8 2.2 1.7 2.0 2.1 3.4 17 @) ®) ©
Fig. 7. Effects of spectral normalization under (a) base, (b) unc d, and (c) cc dd d. “w” suggests “with spectral normalization” and “w/0”

*Denotes the best performance of each scenario. suggests “without spectral normalization”.
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EEAREEDTLTY XL2 - 3(SEver) 0

Anderson Mixing (7% —Y ViREE) Weighted Ergodic Iteration (EA{FZ T/ IT—FKRE)

Weighted ergodic iteration (&, A7 Y 7 TATY THA XE b 1—U AT« v 7 lc@RLANS, 2 %

Anderson mixingl. TEOEED REFREDOREHREEEELT 2k mEHT 2 N
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