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𝑥𝑖

𝑐𝑖

min
𝒙

𝒄𝒙 = min
𝒙



𝑖

𝑐𝑖𝑥𝑖



𝑥𝑖 𝑖

𝑐𝑖 𝑖





𝑉 = {1,2,3,4,5}

W ⊂ 𝑉 𝑊 ഥ𝑊 W

∀𝑊 ⊂ 𝑉: 

𝑖∈𝛿𝑊

𝑥𝑖 ≥ 1

𝛿𝑊 𝑊 ഥ𝑊

𝑊 ഥ𝑊

𝑥𝑖



• σ𝑖∈𝛿𝑊 𝑥𝑖 ≥ 1
• 𝑁 𝑂(2𝑁)

• ∀𝑊 ⊂ 𝑉:σ𝑖∈𝛿𝑊 𝑥𝑖 ≥ 1



•



𝑡𝑖

𝑡1 + 𝑡1 + 𝑡2 + 𝑡1 + 𝑡2 + 𝑡3 +⋯+ 𝑡1 +⋯+ 𝑡𝑁
= 𝑁𝑡1 + 𝑁 − 1 𝑡2 +⋯+ 𝑡𝑁



𝑥𝑖,𝑗

𝑐𝑖

min
𝒔



𝑖

𝑠𝑖𝑐𝑖

𝑠. 𝑡.

∀𝑖: 𝑠𝑖 =

𝑗

𝑁 − 𝑗 + 1 𝑥𝑖,𝑗

∀𝑗:

𝑗

𝑥𝑖,𝑗 ≤ 1

∀𝑊 ⊂ 𝑉: 

𝑖∈𝛿𝑊



𝑗

𝑠𝑖,𝑗 ≥ 1

𝒔





•

•



https://www.youtube.com/watch?v=mN__iQ2zfjs
https://www.youtube.com/watch?v=mN__iQ2zfjs
https://www.youtube.com/watch?v=oDnlIP5pe5o
https://www.youtube.com/watch?v=oDnlIP5pe5o


•
•

•

https://mizuwater0.hatenablog.com/entry/2021/06/17/214506
https://kopricky.github.io/code/Graph_SP_MST/matroid.pdf


𝐸 𝐹 ⊂ 2𝐸

0 ∈ 𝐹

𝑋 ∈ 𝐹 𝑌 ⊆ 𝑋 𝑌 ∈ 𝐹

𝑋, 𝑌 ∈ 𝐹 𝑋 > |𝑌| 𝑒 ∈ 𝑋 − Y 𝑌 ∪ 𝑒 ∈ 𝐹



𝐸 = [𝒂1, 𝒂2, …𝒂𝑁]
𝐹 = {𝑋 ⊂ 𝐸 | 𝑋 }

(𝐸, 𝐹)

𝐸 =
1 0 1 2
0 1 1 0

𝐹 = {∅, 𝒂1 , 𝒂2 , 𝒂3 , 𝒂4 , 𝒂1, 𝒂2 , 𝒂1, 𝒂3 , 𝒂2, 𝒂3 , 𝒂2, 𝒂4 , {𝒂3, 𝒂4}}

𝒂2, 𝒂4 , {𝒂1} ∈ 𝐹 {𝒂1, 𝒂2} ∈ 𝐹
𝑎2 ∈ 𝑋 − 𝑌 𝑌 ∪ {𝑎2}



𝐸
𝐹 = 𝑋 ⊂ 𝐸 𝑋 }

(𝐸, 𝐹)



𝐹

𝐸 =
1 0 1 2
0 1 1 0

𝐹 = {∅, 𝒂1 , 𝒂2 , 𝒂3 , 𝒂4 , 𝒂1, 𝒂2 , 𝒂1, 𝒂3 , 𝒂2, 𝒂3 , 𝒂2, 𝒂4 , {𝒂3, 𝒂4}}

𝒂1, 𝒂2 , 𝒂1, 𝒂3 , 𝒂2, 𝒂3 , 𝒂2, 𝒂4 , 𝒂3, 𝒂4



𝐸 =
1 0 1 2
0 1 1 0

𝐹 = {∅, 𝒂1 , 𝒂2 , 𝒂3 , 𝒂4 , 𝒂1, 𝒂2 , 𝒂1, 𝒂3 , 𝒂2, 𝒂3 , 𝒂2, 𝒂4 , {𝒂3, 𝒂4}}

𝒂1, 𝒂2 , 𝒂1, 𝒂3 , 𝒂2, 𝒂3 , 𝒂2, 𝒂4 , 𝒂3, 𝒂4

𝐵1 = 𝒂1, 𝒂2 , 𝐵2 = 𝒂3, 𝒂4 , 𝑥 = 𝒂2 𝑦 = 𝒂3 𝐵1 − 𝑥 + 𝑦 = 𝒂1, 𝒂3

𝐵1, 𝐵2 (𝐸, 𝐹)

∀𝑥 ∈ 𝐵1 − 𝐵2 ∃𝑦 ∈ 𝐵2 − 𝐵1 𝐵1 − 𝑥 + {𝑦}



𝐵1, 𝐵2 (𝐸, 𝐹)

∀𝑥 ∈ 𝐵1 − 𝐵2 ∃𝑦 ∈ 𝐵2 − 𝐵1 𝐵1 − 𝑥 + {𝑦}

𝐸
𝐹 ⊂ 2𝐸

0 ∈ 𝐹

𝑋 ∈ 𝐹 𝑌 ⊆ 𝑋 𝑌 ∈
𝐹

𝑋, 𝑌 ∈ 𝐹 𝑋 > |𝑌|
𝑒 ∈ 𝑋 − Y

𝑌 ∪ 𝑒 ∈ 𝐹

𝐵1 − {𝑥} ∈ 𝐹 𝐵1 = |𝐵2|
𝐵2, 𝐵1 − {𝑥} ∎



𝐸
𝐹 = 𝑋 ⊂ 𝐸 𝑋 }

(𝐸, 𝐹)

𝐹

𝐸 𝑒 𝑐(𝑒)

min
𝐵



𝑏∈𝐵

𝑐(𝑏)

𝐵



𝑋 𝐵∗ 𝐵 𝑋 ∪ 𝑒 ⊂ 𝐵 ⊂ 𝐵∗ ∪ {𝑒}

𝑋 ∪ 𝑒 ⊂ 𝐵′ 𝐵′ 𝐵′ 𝐵∗ ∪ {𝑒}
𝑥 ∈ 𝐵′ − (𝐵∗ ∪ {𝑒}) 𝑥

𝐵′′ = 𝐵′ − 𝑥 + 𝑦 𝑦 ∈ 𝐵∗ − 𝐵′
𝐵∗ ∪ {𝑒} 𝐵 ⊂ 𝐵∗ ∪ {𝑒}

∎

• 𝐸 𝑒 𝑐(𝑒) 𝑒1, 𝑒2, … 𝑒𝑛
• 𝑋 ← ∅
• 𝑖 = 1,2, … , 𝑛

• 𝑋 ∪ 𝑒𝑖 ∈ 𝐹 𝑋 ← 𝑋 ∪ 𝑒𝑖



𝑋 𝐵∗ 𝑋
𝑋 𝑋

𝐵 𝑋 ∪ 𝑒 ⊂ 𝐵 ⊂ 𝐵∗ ∪ {𝑒} 𝑒′
𝐵 − 𝑒 + 𝑒′ = 𝐵∗ 𝑒 𝑐 𝑒 ≤ 𝑐(𝑒′)

𝐵 𝐵∗ 𝐵 𝑋 ∪ 𝑒 ∎

• 𝐸 𝑒 𝑐(𝑒) 𝑒1, 𝑒2, … 𝑒𝑛
• 𝑋 ← ∅
• 𝑖 = 1,2, … , 𝑛

• 𝑋 ∪ 𝑒𝑖 ∈ 𝐹 𝑋 ← 𝑋 ∪ 𝑒𝑖





•

•



2𝑁

•

dp = [INF] * (1 << N)  # 1<<N=2 N

dp[0] = 0

for b in range(1 << N):

for i in range(N):

if not (b >> i) & 1:

continue  # i b

for adj_node, cost in G[i]:

dp[b ^ (1 << adj_node)] = min(dp[b ^ (1 << adj_node)],

dp[b] + cost)



• 𝑂(𝑁2𝑁) 𝑁 ≤ 17
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