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Abstract

Ry PR BT M4 TRIEICAFSE/equityl WO IS EZMA -ET L
AFERXRIL(FEELRMESD) Z LIL NI,
FYMNT—OBREHERET AV TETHRLANLEY 2 _BERELET IV
- BUSHERZE ) — X — v N0 FEHE - k{TEZ 7+ 017 — &9 %Stackelberg Game
- WEHKMAEEETR S 7 L(MPEC) TESRML
+ MPECZ% R EEHIRHHE (MILP) & L THESMEL L. 2EEFEZRAL TET L EHEL
S RZ—D R Yy T EBWEBIERRICE > TETIAERILT 5

Governmen! t agency
. Se ksd stribute congestion equally
Upper level « Non-linear term in the objectiv f ctio
Dec d n the capacity expan.
Network operator

*  Minimises system level travel times and Flow on links Travellers
Lower level expenditures *  Seek us q uilibrium

* Bilinear term in the objective function Tolls and . Nonl r term in the cost function

* Decide on tolls and subsidies and their s“bSldleS ® Decid oute dmad

associated links
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Novelty, Usefulness, Reliability

Novelty/#FH# %

* Include other objectives such as maximizing equity in network design and congestion pricing
problems

- Developed a bi-level optimization model and adopted a more advanced linearization method to
improve computational efficiency

Usefulness/ &A%

- Capturing the relationship between network operator-traveler interactions and traveler equity
- Multiple models proposed to meet the needs of different interpretations of equity

Reliability/{S§a1%
- Numerical experiment X Uses toy network instead of actual road network
- Comparison and verification of multiple models proposed
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Introduction

RO BETE TIZ., ANFEAEXBORSODEEUNZIEALERBINTELA, KBV X
TLDAEEEREE L TE, ITEDRITERLERZRARBRYEDT 5 L O (T ARK
HERET AN KO ONDIETT TH B (Caggiani et al., 2017)

2y bP7T—ORFHERMT T4 VT IIALDEH

B PRI FE D= m & BRODE E?ﬁﬁ’] 72& B Network Design Congestion Pricing
52370, 3SBAFHEBIREORI(C Supply-side improvement Demand Control Strategy

(Feng and Zhang, 2014: Najmi et al., 2023)

RITEROAFHEOHEE X, BEMMEERTICEWTBMOTEETH Y, congestion
INERDE, MEERCOTBUEMNETT2A/8EELH 2 (Zheng
and Geroliminis, 2020)

Equity issues among travelers are
critical in congestion pricing
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Introduction

Definition of equity includes arbitrariness.

NEEIFEMTHZENE T —ThHY ., TOERIIRENLREZADH 5,

BERFE L T

Santos et al., 2008 MEER~DEERT 7 X

Shi, 2007 F 75 5 HIE E] DR FE &= D g/

Szeto et al., 2010 BEIO X hDNT v ZROENI-ZEAL

Duthie and Waller, 2008 EHEDEELR D

Najmi, A., Waller, T., & Rashidi, iT&EDHFFY 77— 2FDEZEDY V7D EDHELR X %E:1B
T. H. (2023) THAGRICHLECTHRIZEDLLAEVWKLIIZ, XY FT7—7LD

BMTIFICES TSI L

- HLETHRBITERNICEBITALFEEZTZR->TW 3,
BRI HACENMEORMICEIAITREOEA/NIL LTV CEWVWS A X =T
PR IE. BEERICHT B S IEFEEEICH L TIER L.
E WD ARBE I AN BT BN FE"TIE AR U,
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Introduction

NEMEDZER, MIEREX DXL, v T — 7RO AT
zita L ZBREREILETIVEIRET 2,

—EBERE{LETT V/bi-level optimization

Government agency U —_ ﬁ“_ 1@”
» Seeks distribute congestion equally ”
= {2 =
Upperievel * Non-linear term in the objective function I—E&}'ﬁ_- 4(% E’g DE /EIEI\ /j%L—E
* Decides on the capacity expansions

estment on It
capacities

Network operator
* Minimises system level travel times and Flow on finks Travellers 7+ A r)— 'f EIJ
expenditures »  Seek user equilibrium a
L level A
SEETISNS * Bilinear term in the objective function Tolls and * Non-linear term in the cost function %%% t 7T<|J )EH % D 7|§E E'ﬂzﬁﬁ
» Decide on tolls and subsidies and their subsidies *  Decide on route and mode
associated links

COETIVE, 2y M7 —UFETEMBEREZBL TAFEZRARILTHZ 2B E LTWLS,
ETILOREM T, BE—1 —&— - EH 7 + 07 —nStackelberg Game(Ge et al., 2021; Hicks
and von Stackelberg, 1935)ICEWTER LI NTH Y . BFFERELY) -4 —, Xy FT7—SF

HELIKITELF Z7+rA7 -4 5,
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Introduction

Stackelberg game
B () —K—) AEERE LIS, BlEE (7407 —) HEESRE
#1715 BREBORMDT — L

) =X =37+ A7 —DITEREBPFFEZM>TWSEA, 74407 —IF
) — & —HVRE L 72 EES AN DB % 515 FEEH R Uy,

)= —LOEEEZIE-STHEY, 7487 — &V RICEREE
RTZ %,

- B ICE A RET DERET — L < Heinrich Freiherr von
CRFIEF ORI L CRERISHIEE R

CEl
E':_

Stackelberg
- FF TN T FTAAA TREERZER B

- leader : government agency, follower : network-operator The leader is in control of the

dt | game and can choose the optimal
andtravelers strategy before the followers.
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Introduction

—ERBERE{LETT V/bi-level optimization
EHILANI

NFEDORKRE (BEIRLZAS)

I HRE EXHOBME (BITIERIAEL)
CRMENECOWSED =BT
- BB ODIERAIR
- U OBRBISRERTE

FhIL A
Y NDO—OBRE | L i ikiT&
L SRFALAILOEBIRT - EREIME - FIELEERDS
- BMBIRD/ A U=FE ‘ ‘ - IR NESOIHRR
BITR - MR ETNSERTUSIDRE [ b= hEE— RORE

- BURF#RS (leader) (2. RIEIREICHB T2 Ry P 7 —9FEE (follower) D1TENICEE T 2 F3H

ICEoWT, J:ulx/\)lx’c’\zlzlﬁnijdt(eqmty maximize) & \ 5 BRICR ® BH] L5 #ETIREE
L_J:R?_%

- BRERTELZHIT., BUTHEEIC X 2 0H R BHEE A~ OfBIE/subsidy. BEEH SHUNT 2 BT

El/toll. €47 74E (EEWPT.SE EOHEPAREILAL E) OEFE/investments . KITED

#EIRT BI— b /routes %4 %,

- EBERICITIH T A LAY =LA T RD T, HRELTEONSETIILIZMPECE 72 5,

2024/5/13 Bimac e =2024#5 9



Introduction

—ERRERBE1LRE/bi-level optimization & Stackelberg Game ®B{&

BX EHE M RE 7 B ETEIE Dleader, 3 BEEH Hfollower D Stackelberg Game & L TIR X,
leaderD1TENRE 7 FUPBETY AT LB LEIESE L T Z., followerDiTENIRE % TIEE T
TEZH M BELERES L TECEWVWS 7L —4 (B S, 1997)

TR E, RNE, SRR, FULZIE, SRR, BLEE  HEHNM S RERBED L AKETEA~DICATTREM, T AREHEIZIR - #IEE, vol.20, No.1, pp507-512, 1997.

MPEC(mathematical programming with equilibrium constraints)

- MPEC(YE IR HHEIRIRE) 1. ZHDERETEGH BRME. H2EE T < HELEE
Optimization problem with a finite number of variables, a finite number of conditions, and
equilibrium constraints

s BOAENCHEBERGE 2 EOFEHKWAIEKWICEEND
Equilibrium constraints such as variational inequalities and complementarity conditions are
included in the constraints

- BML ZBRERBCBE SR TX % MPEC (X, Stackelberg Game & &3 (CEXMBBICERAIND
MPEC is applied to transportation problems together with the Stackelberg Game
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Introduction

Network design and equity

WERDF Y b T—IRETET IV

KIBEFY P 7—7ICBII3EROREAEDZRET S EHHEHB (Friesz, 1985)

ZDRER. *v b7 =02 DORBEEL RIVHRGE C/ 5 A8 (Farahani et al, 2013; Shao et al., 2022)

BEEHE,/ X b asAMLT R, EALPTTHIEHLIND

Y T = RETODEDALICAFENEKRZEAT DI EE, LV AFLEROAEZHERT A7-DICHE
(Bruzzone et al., 2023; Camporeale et al., 2016)

NTFEICEDSLCF Y VT —IRFHERHET FA4 07

HEEARHM. EWRERLR L. WODPDORNEEEEANB TIREINTWS, LAL, 2y b7 =75

DI % 5l /equity assessmentT 2 7= IC{EbHL D,

BMORNFTHEEE, XY FPT7—0LDEDY YV I/DEDBUARIICERINZIBEFELEDLOEWLWI L
%29 5, (Congestion equity is the state in which the travel time spent on any unit length of
any link on the network remains the same.)

BMATHOT TR, IRXTOMBAHEIZ, BIRLIL— P v 7ICB%RAEL, AUERETEHTL L
HERF & % (Zhang et al., 2015)
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Introduction

BT & & v b 7 — 7 EEHE DRI{%R/Relationships between government and network operators

LHILAIV

BB Operators can benefit, but their decisions
RMESECHHEED . . . . a_ Qg
- BRI will be in line with the decisions of
U OBENSRERE . ; ..
government agencies (equity maximizers)
TFTHIL AN
2y NO—UEgE U Lo BT , . "
S ZFALAILOBIR - BARIME  HBESEERDS Assume that a player's optimal decision
- BRI D/ U=FIA « JX MBIODIFIRZIR . . .
TR - WEETNSERTUS IDRE [aemme ¥ L= hEE— RORE influences the decisions of other players.

RICTZ7A 7% ERIICEL &, ERD 7L —V—H Mg = RE L. —FT_LG)7OI/ Y—h 32X b ZzHwmAME
THL—FEBRTDHZEILHD, INE, ARORRETHEAMITHERZERICERZELARDOD B & X
_Eybfd:\'\o

T4 v T THICEL 2T, BRERBNRZ/II LS TESZH,. ZOREIIBIFEE (XFHERK
t#&) 0)55’&%(:5991'5%0)&7&6?: . CORBIEBREIND,

BRENLG ZRESRECHETIE. TUOT LAV —EEVIEELLHDLTWVWERESINDGD, ZDT—XT
ERELHY, TL—V—DRELBRERENMID T L —V—DREREICKEELEAS I LEBET 5,
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Introduction

c{TE D{TEN/Traveler's behavior

- IKATE LR Y b7 — 7 BEHOMIRERTEEEE & BUFEE O A FERKICHEE (C/0 L TIL— F 2 EIRT

L

cRITEB IS BFEOIRXRMIEODWTHATIRBFERARET 5, 22 TlE. BERHE=HE (PV) &4
HA5BEHEE (PT) O22003@BFERLAFETEARWERET %,

BFAEERE. ML LI-AALLGE., WOADAI 22T 4 1 3IBAFEROTBY — XA SMOR HE

TI—T1FEL L OFREEB SN WATREEADH 5 (Duthie et al.. 2007) .

ETIALICHEITE ZDORRNFICHUNT 5728, MITEIZER2BFUEA2EF27 7 RICEE{LEI NS,
KRR L. RTERE S N TE L BREN TN NI E I ND s

AT X, RESINZIV T A EREINTUVWAEWY T R, DEIORAFIEEERT 2 EE2BIET,

congestion

group ny group n, Travelers choose routes according to pricing

strategies and equity maximization strategies

Travelers are stratified into classes with
different characteristics
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2.Equity-based bi-level
formulation
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Equity-based bi-level formulation

Notations

Sets
VieN /=K &(") SFALD DR T v T
meM T— F{py, pt} A 27 v 7EBORRE
acA >y ha 27y TEBDORT v TH
neH RITED Y 7R (RESNTLBIALREEINTULERVLA) M K

| .
acA 5D/&77 $ia 74 5 —REIGREK
weWw OD~FwdIL— b Sa A E
k € Ky By PVEEEEME Y 7- Y OPT DD 0 & BME
acA(m) E—FKmIZWindsdY 7 @y, n, 77AnlE 7 ZAn20 N0k
& A RETLRL =D - -

PANRIPER O3 L 7> = > p” ODRTWEHITE S T 2 1 12K D BB
Constants/input parameters Variables
dm FRITE 2 5 AnlE. ODRTZWEWAE— FmeEMIZL>TY v ZacA%x@BT M ODR7ZwWDIL— hKkIZHIT D7 T A n DFRITED RN,

LG Ell, Ib— bkeEKwEERT 3

Co T ZANOKRAENY > 27aTE— FmEaFATIHREO—B{anaX b Va U Zall Bl 2RITEDRN
Coo 7 7ANDIRITEDNIL— bkZEFESIHZED— Fr}xﬂ:éﬂf— X b 20 D> ZaTE—FmzfBT3RITEDRN
& Uy 2aTPVEHNAT 2BEDEM A V> 7aLDE— FmOBEILK
@ YvianhE m BAR S ICHP SN B BEIR CRF

(continued on next page)
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Equity-based bi-level formulation

(continued)
Sets
Caky BREkDOY v 7aTE—FmICYEZ 533X b t 2y bT7—0RODEY VI ICh- BRI DE
) B B R
gy WiTEZSRIZLB, UvZaTE—FKmaFAETEIMEZIX b n Ta U > 7 aDiRALIRIT BME
I, > Jank Ta “IHEH
am % 57#\ nORITEIME—REGFO I ZRBLEZ, Uy 7anETEE— RN
=l d
" 252 0 ORITEOBBRMOREME Dual variables
o PVE— FOBEESEEIX b Hy ODRTZWERITE Y 7 AnIIWT 2EEE
L THIFY D O
b™ Uy ZabtDE—FmOREXNET HRFAER Pa Uy ZalkOE—FKmicxd 2 70 —A2451
D Xt
N U 2allBlf2E— FmOREILART T Uy 7aniBiThlE
B g 7, Y>> 7adPTHRITE ICX T 2 EMHEIE
" Ty b7 =0 FEEZEOBRBERICHEIT 2 RIBEOEHA o Uy ZatDE—FmIcHT 2B8EILEFHD

B
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Equity-based bi-level formulation

B HBE
OEMEENFCOBSIED
- BRIBIEDIFRRIZIA
- U2 OBREHREIRE

BUFHERS (X ERIL NLICEWTRAFHEDREREEZBRE L TITEIT 5
Governments act to maximize equity at the upper level

KR TIEIRFEE =D 5 BNEMNEEREINTWD

Six objective functions for equity are proposed.
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Equity-based bi-level formulation

ObjL: min ) [ta —E 3y k7—5 2HDRMDHEEBIME

acA

ZaeA meM t&"522’km xi‘év ZaeA meM tZZ’SZ?’km x}‘év oy — N oy S A
kek, TR ' N2kNz | gATE S — T H Ry h T — 2 TRERT 2
. . WEW keK,wew AL = "
Obj2: min vy — W DRI LR ME 7 LB
ZWEW M1 ZWEW N2
ZaeA,mEM tcrlndglvkmnlxllévnl ZaeA,mEM tgl5glvkmﬂzx"évn2
Obj3: min ) |—KE— _ kK ODANT T LIBT3 RIEERT 5
WEW dnl dnz

mSw w
Z a€EA,meM tg §akmnxkn

Obj4: min ”EH"‘EK'ZWEW _ RITEPRERT 2 RME SAME
wWeW *n

Y acamen LS e X & > 7 DR A X EHRIRA A BAMEICHIR
Obj5: min—=C2EF BFFSEENRRYT 5 BMES/ My M- FOREINKICHY SRARAL THBICHIR

ZWEW dT]1 ]
s.t. A< AM(yMm

ZaEA,mEM thSZVkmnzx]‘éVnz a a (Xa )
Obj6: min—=—*<7 h BB E AR 2 MR BML Y bpay - B < 0@)

Ywew Ay,
wWEeW “1> acA,meM
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Equity-based bi-level formulation

N % TRAILT 5 BEIE#/Objective function to maximize equity

2y T — 72RO EM O E R 5/ME/Minimize distribution of congestion across the network

Obj1: minZIta — t
acA
t, BRI ICEXINZ2BEHEME

t: 2y b7—0ROEY >V 7IChizd BRI OFEHBERAE

g;cmn CRITE YV 7 AnlE. ODRTFweWAE—FmeMIC
FoTUvracAzBBT 5510, IL— rkeEKwEFERT 3
th . BRI ICERC I N2 BHHE
xf P ODRTwDIL— FRICHE T2 7 T R n DFRITE DTN
dy - ODRTwWEITE I ZANICNT 2FE
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Equity-based bi-level formulation

ATE 7 V—Th 2y b7 —7 L TREY 228 NEHDE % &ML
Minimize the overall congestion differential experienced by traveler groups on the network

mgw w moew w
ZaEA,mEM ta Sakmnlka ZaeA,meM ta 5akmn2xkn2
. . keEK,weW keK,wew
Obj2: min = — W
ZWEW dnl Z:WEW d772

ODR7 T & ICHRERT 2 BMDEZ &/IME
Minimize the difference in congestion experienced by each OD pair

msw w msw w
ZaEA,mEM ta 5akmn1xkn1 ZaEA,mEM ta 5akmn2 xknz
keK . keK

w w
d771 d772

Obj3: min z
wew
Wemn - IRITE S 7 A niE, ODRTweWAE—FmeMIC
£-oTU v JacAzBBET 255, L— hkeKwzERT S

M HATRE & (CED & N 2 BB
Xy P ODRTZwDIL— FKIZHT 2 7 7 2 n DFITEDRN
dy : ODRTWERITE Y 2 AN IS T HFR
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Equity-based bi-level formulation

RITE DR Y 2 B = &IV

Minimize congestion experienced by the entire travel population

msw w
Z acAmeM tq 5akmnxkn
neH keK,weWw

ZWEW d%}
BEREEENRRT 2 Bz R/Ib

Minimizes congestion experienced by low-income groups

Obj4: min

msw w
ZaEA,mEM ta 6akmn1xk771
keK,weWw

ZWEW d1v7vl

Obj5: min

PEATSEENRRY 5 EME &IV

wkmy - FITES 7 A nld. ODRT7weWHE—FmeM
ICk-oTU v JaeAzBBY 2551, )b— bkeKwz(E
B3 %

th BRI ICEP SN2 BEEE
Xy P ODRTZwWDIL— FKIZHT 2 7 7 X n DFITEDRN
dy 1 ODXT7wWERITE Y Z AN IS HFE

Minimizes congestion experienced by middle- and high-income groups

msw w
ZaEA,mEM ta 5akm172xk172
keK,weWw

Obj6: min
ZWEW d%vz
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Equity-based bi-level formulation

FHIL AL — T
Ry NO—OBRE |U>o LN BT
 SRFALAILOBIRE - ERRIME  FIESEERDS
. BRSO/ U= X - D NESOIHRIR
BT - WEIEEENSZRIT U IDRE ﬁﬁ'ﬂtﬂﬂbﬁ' c)L—bhEE—RDORE

FWT, TRILRNILDIKITE - FYy P 7— 0 BEXBHOEEICEFRT S
Focus on behavior of lower level travelers and network operators

Network operators Travelers
1 1
Minimize travel time and costs User equilibrium allocation
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Equity-based bi-level formulation

Travelers=»User equilibrium allocation RITEIZAR MCESWTEWMIICAD > TIL— FEEIRT S

77 AnDORITENY > aTpv(BRAE) BT 2H50—MbI N3 X b

Can = Aoy + Volaty (g, Ag) + ¢ + g Va € A(pv),vn € H (2a)

77 AN DKRITENY > 7aTpt(DERB)ZFAAHT 25550 —M LIz X b
ngg = agrt] + " latgt(va; Aa) _ ,Bntgv(va; Aa) — Sa — 7\-fava S A(pt), vneH (Zb)

7 ANDRITED 7 0—

— w w
Va = ZWEW,REKW akmn xknva € A (2¢)
meM,neH

I ANDRITEDRIL—FDIXR K

Citn = Ymem.acam) Oaiemn (Cob + Ctiemn )YW € W, Vk € K,V € H (2d)

2024/5/13 IR IREE 202445

Ay * 7 7ANICBIFDY ¥ 7aTE— Fm%H]
Rd5AEaIX

Yo - 7 7 A n DFITEOBBRE O & EME
It V> 7ankS

v - U 7all B BIRITEDRN

Ay Vv ZabDE—FmORENK

¢k’ 1 U v 7aTPVENAT 31550 B

B, - PVEBIRE L7 Y OPTD ) O & #M{E
Sa | BEAREE

iy 1 U v 7an@iThlE

i, o YU 7adPTRITE IS 20BN E

23




Equity-based bi-level formulation

FMAESEICEWT, IXNTOFAREORITOR MM, EDFH L WEREE DK
TAXRMEEFELWLA, ZNUTTHS

Xy (Cty — 1) = 0,5, = 0,(Cyn — 1)) 20Vw € W,Vk €K,,,Vn €H  (3a)

ZODRT7wEERENL— D70 —F0DFEA EF LK AITNIEE S AN

d,%"—Zx,V("n=OVWEW,VnEH (3b)

KEKy

Xy - ODRTWDIL— FKICH T 27 7 R n DIRITE DFRN

Cion * 7 7 AN DIRITED I — bkZEFESHED—RILE NI X K
wy 1 ODRTwWERRITE 7 7 XA n W9 2 FEENY L THIK oI
dy :ODRTVWERITEZ 2 AN IS HFHFE
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Equity-based bi-level formulation

Network operators=Minimize travel time and costs

EEEDIA EEHEDOXH
fe 1% B RFE
n:é'nu X Z latZl(va,Aa)z;n —_ (1 — u) X _ Z @’ (48)
acA NG weW,me {pt
meM ke K,,neH

s.t.

T —qt—A"<0(pr)\VacAVmeM (4b) Ur s Ltovn—%%IR4T2U > 7BSHH

' >0vacAp),YmeM (4c) ZBRDIEAMHIK

ul Y b7 —I0BXEEOHNBERICEITSRIEDEHS
zI' U 7aTE— FmZzMAT 3RITEDRN
lpt V> 7ankE

v b7 =7 FBEEIL KITENRRT S HITRE L g : ;ﬁjﬁf éci"fti %ff; é};jgt_g@fiﬁaﬁ CRHE)
ITERZBEBT 500X HARIMLLE S £33 vg t U ¥ 7alc /ATE DR

AT ) v ZabDE— FmOBREHK

qr: v vanRE

pmi U ZakDE—FmIZWT %7 0 —AEHKI DI
iyt v 7anBITRE

ftq o ) > 7adPTHITE ICX T 5B &
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Equity-based bi-level formulation

miGrg B 54/ market clearing conditions

miZEREEHFE. 2y b7 — IV BEFEORMBEZKITE O RBEICEBE LU DT,
SEEICL>TERFEND 70— L HBEETEHERMUICE > TREENS 7 A —DFF M ZRIE

T =

0=2"— Y St LRdfreevacA(py)  (5a)

/ weW me{pv} q\

FEEICL-TRFEENS 7A— keK,qeH ~ MAESHERICE >TRESND 7 A—

\ /

0=27"— Z S XL Efreeva € A(pt) (5b)

weW.m § o :
kEK eﬁ:} zt . U ZaTE— FmEHBT 3KRITED RN
‘ SRl Wy - HATE Y 5 20l ODRFweWAE—KFmeMIC
S-oTY v JaeAZBET HHEIC. Ib— bkeEKwZHEHT S
Flow operated by the network operator

Xigy - ODXRTwDI— bkIZHIF B 7 7 R n DFITED RN
| fig: V> ZanBiTRE
Flow determined by user equilibrium formulation ftg © V> 7adPTHITHE XIS DENMEIE

2024/5/13 Bimac e =2024#5 26



3.Solution Method
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Solution Method

TERERELETILESERAEEESTRERMEAE S L TERL bi-level optimization model formulated as MPEC

—EEICL TR ELDH D Must be solved in one-level
1
@KKT%#F’S:FH \."C:EQB%’E—EQB"&(CE@ Convert bi-level to one-level using KKT conditions
1
i JKKTSED 1B 5 5 FE#AHER i)Equilibrium equations obtained from KKT conditions
i) BTl Em O — i) Tolls and vehicle flows
e\ v A N . + iii) Time cost defined as a convex function of traffic flow
“I)Xﬁ’)”“@&&ﬁy&t L TEZHR=NDSFREIA b Linearize these nonlinear terms

Z N o DQIERAIA & MR
4

. L s s . < Based on linearization constraints, market clearing constraints,
BRACHIN, TIEEHIN, BRI R B E R T o o ot :
MPEC%M|LP(;E€¥§&%*§E+E?§) ‘:Iﬁgﬁglé Replacing MPEC with MILP (Mixed Integer Linear Programming)
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Solution Method

v b7 =0 BEEERITETETILVOKKTEAG IZHETDEEDERICH S (Castillo et al., 2002)
OKKTEHEZHWTZEREDERILZ —EREDORREICEIRT 5

KKT for User equilibrium model:

0 D By (@ 47kl (s A+ S+ ) 4D Bty (0 7yl (0 B) = By (vas Aa) =50 — T ) — iy Ly > OV
acA,me{pv} acA,me{pt}

€ W,Vk € K,,Vn € H (6a) FEL—MIBIT2BHARMY, EORBL—PDIARMIHLFELLHIZNL
TChB & AIRAT 5 ) |
0= d,‘,’ _ Zx;;?_Lﬂ,';freve e W,VneH (6b) igﬁjgﬁﬁfﬁ’%%'f#%?ﬁf:? & KGN ﬁﬂﬁ%ti—ﬁﬂ’\] (ZI)L— l‘ EETR%%ET ZD Z

KKT for network operator model:

0 < Ul (vay Ag) — (1 — )T, +p2 L2 > OVa € A (6¢) disjunctive constraints
0 < Mx<Kr (7a)
0 < ul, (va, Ag) + (1 — )ity +p" L2 > OVa € A (6d)
0<y<kK(l-r) (7b)
neH

re {0,1} (7(;)

) > 7 BRERIK EOBRDIFAMEFFEZHAIAATND
INLDEHEIIFRY bT—0FBXZEBVRETZ 70—
BV I/DBREFNZ®/L, »OFETHS L zk
A9 5
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HEEMEREFO=Mx Ly=0%2E2>E, 2D LS I(C
SEEEF I E 5 (Gabriel et al., 2017)

0 Sq;"+A;”—ZzZ’,,J_pZ‘ > 0VacAYmeM (6e)




Solution Method

NEEFIZERA L THRITE - 2 v M7 — 7 BEHEOKKTEEOEEH ARz QL3 %
0< E 8 (00 + 7y lat?? (Vay Ag) + ¢ + 0 ) + Z & (a’;ﬁ, 7kt (Vay AL) = B, (Vay Aa) — a —r'ca) —Hy < M/T.?:;VW
acA,me{pv} acA,me{pt}
cWVkek,vncH (8a)

0<xt <M(1-F) VweW,VkeK.vneH (8b) Linearized KKT for User equilibrium

=dy-> %,  VYweW\VneH  (8¢)

&
0<u oA~ (1—wRa+p <MP  VaeA  (8d)
0<2'<M(1-7") VacA (8e)

0 < ult (va, Ag) + (1 —w)it, +p7' <M VaeA (8f)

Linearized KKT for Network operator

o<z <M(1-7) Vaea (8g)

0<q"+A"— Zz'" < M7" VacA, VmeM (8h)

=T

0<pr<M(1—7") VYacA VmeM (8i)

P PO €40,1) (8) Binary Variables

2024/5/13 BimEER2024#5

disjunctive constraints

0 < Mx<Kr

0<y<K(l-r)

re{0,1}
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Solution Method

BHE (BRI S 0BEER) OQREL

BHEIZ. 2 Y I/RELAREICEL THRETH 2BPREZIIRK S LIRE
BRI T B7-DICT A 7 —HBEREZAVS, L={1-L} ZIEt" (v, A) PROKEFELUDEE Y &35

LOZBERICIFER Y boL (vl AL) e L’ B,

Vo, Mg BT 2 BB DOEREBIT NN

1 _ W’ 2 _ _ A
Sl = 4t;"(0)aa(qa+Az)4 and &, = 4tg(0)aa(qa+Ai)5’
x7-. URIZ
0 _ v
51(1 _ tzn(o)aa(qa—}-Afl)“.

RS (v, ML) ICBIT B, D—RTA 7 —RBEIIRDOLS ICH D

FOLADN) =& rely 1 2A VacAley (9

la"a

2024/5/13 IR IREE 202445

Ta (63) B

74(5%)

74(63) |

74(82)

ALI(0) (1 +Qq <anan>4>

v

6},’ 6.,} 61% 5.;} Va
ARDBIREv,DHEEHRET S
BRI X Ul DB
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Solution Method

RO X MBI T H D DT, FERIEL, (v, A & HT T,— & —Ey —EBA,>WNacA leL (10a)

L WA, ICE TR 2RI ITENT 272012,

XA RSB R DS ES D1 v - 2 -GG GA<M(1-F)  VacAleZ

——"" > ] (10b)
BFf 3 X b B8%L/time cost function ;fi:l VaeA (10c)
FOLA) =8 e+ 8, Vacalcy| EEp

7 €{0,1} VacA lecZ (10d)

LA L. BRBHEODt, Z1 Il BEEA 72721 T i)

X, FEDME & FERRFEME AR S AL | P
BB =R T 5 7-0(1C. BEMBEEEIC 3

WNLTRTY 7EHERAWNS T o

ZnZENAg, AL Eh(a,y) TERSNDXE L W *—o

2Ty TJEENHDET S | e—o

h) @—O
-a N oif < -
ry — e([a —,{a) = { tf Y Ya EA, V}' el (11) A 2 2 2t PH ta

BMIIRTy TBEBE L TERIND
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Solution Method

2Ty T

BRRE#H Dgla)zBE]MR 5 &, “IHEME EREY

wda . 7
Ty =C(ta—l,y,) = {0 ¥ </1:Va6A, Vyerl (11)
B DRE LY, ROES ISR T 2RENH 5

1 if 7, > 4,

% (1) @B (12) LEffTcHhs
» Yig = T, %YW € W,Vk € K,,,Vn € H,Vy € T
ta—J,+M(1-7,) >0¥a €A, ¥y €T

y;;;' <X, r,Ywe W VkeK,,VneH,Vy el’

tu— A —Mr, < O¥a € A,Vy €T (12) (14)

y;;;' <x,Vwe W VkeK, VneH,Vyerl

r, €{0,1}VacAVy el »
Yin = Xop — (1 —rr)J_C;;lVW e WVkeK,VpeHVyerl

H(1D)Z &S, BENEHORMEZR ZUTORKICEZTHLZ S
Yig = OVw € W, Vk € K,,,Vn € H,Vy €T

gla) = Zh,’,“ (r:z —‘;':H)‘v’a eA (13)

yell
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Solution Method

MPEC to MILP

"HERICH T AN EREL. mIBEEHNEEZERE L. KKTREOHEMIERGZSREFIRNICESHRZ,
MPECEZLIF L W RWHIEMNZFE 2 IR DMILPICE R 515

RIRHR ETILIELLF OMILPER L TH 5 The final model is the following MILP formulation
Obj1 : min |z, 7| (15a) st
= A7 <A () (158)
Y acayer  CumOu —Ya) X ascayer  um Ok —Yel) 3 pAT-B<O(w)  (15h)
Obj2 : min keKweWmeM _ keKweWmeM (15b) acAmeM
Ewewdr‘]‘; Zwewdr‘]yz

wy+1

E aEA,yEF 5:10'"11}1 (yk’ll _yk’h

wy+l)

) = acAyerl Bt M, Vern = Vi

Variable Conversion

Obj3:minz keKmeM — _ keKmeM — (15c¢)
wew m mn . .
Congestion variable
determined by flow and capacit
ZaGA,yE1",meM‘s:szrm1h (yk,, = Vi ) y P y
Obj : min— K EKwEW,aca (15d) th'(va,8g) — T

Zwe Wd;]v

w,r+1

ZaeA,yeFmeM%lh (ykrn Yin, )
ObjS : min_ K €KW EWoaca (150 Flow of travelers of class n on

dv .
Rovend route k for OD pair w
EaEA yel, mEMsakmﬂ ha(ykﬂ _y;:'IHl) w Y ( w,)y :Y+1)
2 2 2 X — h
Obj6 : min kEKWGW“;AdW a1s kn a ykn ~ Yin
weW™n,

2024/5/13 R EA = 2024#5 34



Solution Method

0 3 S0 4l 4 +7) )
acA,me{pv}
+ 3 (a:;;, +rla — B — s, —ﬁ:a) — W < MF,Nw € W,Vk €K,,VpeH (15
acA,me{pt} oS — — x ngm
o< nt ot(1— T € W€ Koy € ap (- HRITEETLVOKKTEMS KKT conditions for traveler model
R 2
0 < ul,a? — (1 — w7, +p < MPVa € A ash )
0<Z<M(1-7")acA (15m)
0 < ul, @ + (1 —u), + p7 < M#Na € A (15n) S —_
V ) (v P77 ERBETNOKKTEM
O <M(1-R)vacs (159 KKT conditions for network operator model
0<Cr+Ar = 2 <MPNacAVmeM (15p)
_____________ OspisMO-mpacAvmen WO L
T gy, —EMAT > Wa € Al € L NmEM (15r1) )
8t grar <M(1-Fr)acAle ZymeM (59 - R R FRE#BEERL TR ONRERAFR
S vecasmen s Linear inequality obtained by transforming the time cost function
les _/
0=2"'— Y S LRofrecVa € A(py) (15u) )
weW,me{pv} . “~ - mgm
. WIHEHERMG Market clearing conditions
0=2"— By L EafreeVa € A(pt) (15v) < - o Py s -
e et <Al J 2y b7—smEHBCL->TRIESNB 70—k, FIAESEERLI

O TRESNZD 70—DFEEZIREL
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Solution Method

y]‘:z' :';-y*x;;’VW eW,VkeK,VneHVyerl

il <Ep*r, Ywe W,VkeK,,VneHVy el
y,”;,y < x, Vwe W,VkeK,,VneHVyeTl
v > % — (1=7, )% Vw e W, Yk € K,,Vn € HVy €T

Yig > 0VwW e W, VkeK,,VneH,Vy eT

€ {0,1}Vwe W, VkeK,,VnpeHHVyeTl

A~ a
. vV vpt—m ~
T FaTarTarT

ym

2024/5/13

Bimaaa = 2024#5

HRRE#HZ R T 570D

HEBESREICT 2 X7 v 7R
Step function for unit travel time
to linearize the objective function

BRRBOEBMEN zEEMZA - EICKYVELS
TIHERLEGEROREEZBEALLEZLD
Linearized multiplication of binary and
continuous variables resulting from replacing
the congestion variable in the objective function

“IEEHOHEK  Binary Variable Constraints
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4. Numerical Experiment
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Numerical Experiment

TTIILOEMIAZR L., EERICIZ
DOy b7 —21F150/ — K &6 Y > o TR S 1L,

SRz

D

— Ry N T—=0h 5

RELIZRA < 2y b7 —7 28,
Z DI RNTHERER - @BEDXE

2011/12F DREFRITHEBED T — X % /&

33:58

ERTBETIL

33.6S

Objective function 1~6

_|_

R T LEEE(SO) & 21—

—Ijl‘_

5% (UE)

Obj1: minZIta -t
a€cA

mow w
Yacamem ta Sakmn, Xkn,
KEK,WEW

mew w
Yaeamem ta Sglamn, Xkn,
KEK,WEW

0Obj2: min

EWEW drvivl

kEK

msw w
ZaEA,‘mEM tg 6akmn1xkn1

ZWEW drvlvz I

msw w
ZaeA,meM tq 5akm112 Xken,
keK

Obj3: min Z

wWEW

I di,

msw w
E a€EA,meM %4 aakmnxkr]
NEH,KEK,WEW

Obj4: min

Zwew dqw

mesw w
ZaeA,meM tq é‘akmnlxknl
KEK,WEW

ZWEW d’rlwl

msw w
ZaeA,mEM ty 6akmn2xkn2
keEK,wew

Obj5: min

Obj6: min

ZWGW drvlvz

2024/5/13

w
dﬂz

. Aas A7 ()

b™A™ — B < 0(w)
a€EA,meM

+

33.8S

T LAEE
O —H -5

A 1
i

33.9S A

(SO
(U

E)

I:IFFB D)\l:l

34.0S A

Engadlne '

150. 9E

Toy network in Sydney
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Numerical Experiment

T—XIIL> 7 (MS) PV(MS-PV) £ PV(MS-PT) D Z NZFNEFBT2 LU v SO EIE

HBUSLEITRHCT) PVE— RZFIBTBKRITE, HFEONBINA
PVRIFEE 24D 5 OBULBITRIOEEHCT-A). F7/-138 7 7 RDORTED S OBILBITROESE(CT-n 15 L
CT-n2)L 3232 ¢HNTES

BB (AS) Fy b7 — 0 BEEARITE KIS BHFEE
SPTHRAITE I D BINEEIE DA (AS-A). F7-1E& 7 7 RORITEICTIL S BIEEIEDEET(AS-n 1B L
AS-n2)td B ENTED

KSR 0 FE M4 (PH) IS 2n1OKRITE LB L. 75 R n20KRITEICL 2RETH LD TE(%)
FEOEIE. n1DKRTEICHRT n20RTEDFETIENATNT & £RT

FEhEDBEDOFEMEP) 5 ZAn1IDRITE LB LT, 75 R n20KRITENEIS % 5 TI S BO T2 (%)
FDEIZ. n1ORITEELBL T, n20RITENZ T 3HBHEOEHEINEN L ERT

TS T OFEEM 7T ZAN20MITEN. 77 An1I0ORITEERRL T, E— FmzflET 32245 0FH%E (%)

(Pmn2nl) EDEIR. 75 R N20KITEN. 77 ZAn1OKRTEICHKRT, E— FmafBYT 3284V L &2RT
T BNIFRI(TTT) RATEDIRAITEAT I 12010 F v 7 — & L TBL T R
T3 R R(TTC) ITEDO A RET 23X FTTC-TELIFVRATLRADODTRTO S L —V —HRE$T 253X F(TTC-S)T

TTC-TTIX@E L BITRE O WAZEINS D, TTIC-STIE AT LADITRTCOS L —V—%EEL. 7
L —vV—EoXHWEEEL RN

LR ES ) 3 (P ) 55 2 N20RITEN S 7 A 0 1OKITE L LB L15E 0, 1kmb 7= Y ORITEE DT (min)

¥&ZE(V) PVE— F(IV-PV) EPTE— F(IV-PT) TITHhN 2K EDEE



Numerical Experiment

Table 1
Calibrated values for the parameters.
Parameters Values
Sa  EXfBE 40c/km
By PVEEIRME LT Y OPTOmB N O EEME 0.08
B #¥H 500 k
hy 279 7BEEORT v 7H 0.33, 1.0, 1.5, and 2.5 for PV mode, and 0.25, 0.8, 1.2, and 1.9 for PT mode for y € {1,---,4}
Ay RT v TEBROERE 0.8, 1.3, and 2.0 for y € {1, ---, 3} both the PV and PT modes.
At RFEISRICEB. U vaTcE— FmEaFBEY 2@ N(1.6,0.6) andN(3.5,0.6) for PV and PT modes, respectively
Y™ 55 R OFRITE DB ENER 0 S A E 0.15
& PVE— FOETEEEDR b N(1.75,0.5)
bY UvsatmE— FovOBRSENET 2 REER N(1,0.1)
BY U salkdE—FptoRELIET 5 RAHEM N1 01)
H miaznss=z Include two classes of #; and 7,
@y, V5AN1EY 5 R 20 AOL 1%31301
bY' U /alkDE—FptDBEEIKRT ZRAER 0( ,0.1)

u Fvbh7—7FEZFOBNBEBICEITLZRBEOEAR
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Numerical Experiment

Table 2

Share of using different modes.

ETE—XILTT

EFE—XIL>x

7 DEEME

Model variant

Mode share (MS)

Modal share - 5, vs 1,

PT RHE PV BXRA®E P, HIE Py, BXRA=
UE 28.31% 71.69% —41.7% 12.9%
SO 32.18% 67.82% —43.5% 37.8%
Bi-level — Obj1 36.84% 63.16% 1% —4.8% >
Bi-level — Obj2 29.09% 70.91% ~15.9% —3.9%
Bi-level — Obj3 35.88% 64.12% 44.7% —22.9%
Bi-level — Obj4 31.45% 68.55% < 57% 4%
Bi-level — Obj5 30.58% 69.42% —64.9% 109.7%
Bi-level — Obj6 31.0% 69.00% 240% —32.9%

N . N IEDEIZ. n20OITED N 1OKITEICEERT
BETNORBFEY 7 T FmEABT 2RANENC & ERT

EHROEHDOT N RIMLT B ETIV(0bj1) . KITEHNRERT 2 EMZRIMELTEIET IV
(Objd) 1x. 7 7 ZAEDOPTEPVORAFEDEZNFIT AL, BLWAFHEEZRLTWS, BERIC
X, Obj1TlX, PTEPVORIBICEITZ2 7 7 AEDEIZ, TNENDHTHLI%EL8%TH %,

Models that minimize the variance of overall congestion and the congestion experienced by
travelers are equitable, with almost no difference in PT and PV utilization between classes
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Numerical Experiment

Table 3 p . > s 0 A
Pricing performance of different model variants. UGBTI ENICIE
Model variant Collected tolls The additional subsidy paid to travellers
CT-A CT-1, CT-1, P AS-A AS-n, AS-, P
UE Maximum amour;t of additionaIAsubsidy 0 Equality in toll collection and distributio® of subsidies 0
SO 0 V) v V) 0
Bi-level — Obj1 90,534.5 21,616.8 68,917.7 702,676.1 164,688.3 537,987.9
Bi-level — Obj2 114,559.8 25,483.9 89,075.8 17% 174,069.8 40,255.7 133,814.2 11%
Bi-level — Obj3 120,058.1 37,984.6 . 82,073.5 ; —28% .596,25.04 11,941.2 47,683.8 33%
Bi-level — Obj4 95,315.5 214072 High;toll.collections and low subsidies for PT use o4 486 2 142,957 95%
Bi-level — Obj5 29,076.8 46,189.5 182,887. 32% 14,005.9 9,995.9 4,010 —97%
Bi-level — Obj6 2,234.3 73,167.3 109,067 —50% 744.783 0 2744. M
— A= e _ . = N o
BETILOMIKEETE EDEIF. n1DKRITEICERTn2D EDEIX. n1DRITE ST N 205ITE
T =T R BRATE DA BN & ERT HE 2 BHEDOTHEAE N £ ART

BV FADRERT D RMERIMLT BETIIV(0bj5,6) 5. BEITHROEUNENZ < PTHH~ DB
SNV WO, BERICKELGNGZZH =0T, L L. 77 REO®EIE & AEEIDE D
ICEWTELWRRAEREL 2,
2EDORMOHEERIMET B3 ETIL(ObjL) IZPTHIA~DENHEBEOESEAZE Y YT TWD,
N TEIN SN2 @ITREE I & VIR, FEEOMINAIZYA SR ERD, 14 F XA,
ITARTCOFBHICAF LB ZIRET 70O IR MD—BLBIRNTZ 3,

ZDETIE, BEEINOFEEEFEBIEDEEOFEEO S THEEZE L TWL 5,
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ZFETNOREIFRH., BEBOARXR P, ENT7F—2U X

Table 4 %) ] BZE)O X b K&

Travel time and travel cost and investment performance of different model variants.

Model variant TTT (min) TTC-T ($) TTC-S ($) P(min/km) IV-PV ($/day) IV-PT ($/day)
UE 2,542,463.8 1,352,830 o onetary caird 299 0.35 S 0 e

SO 2,269,593.4 (~10.7%) 1,330,95¢ [ o.o 0k, Y15830% 57.9 (~1.6%) 0.16 ignificant investment require
Bi-level — Obj1 20200126 (18804 < 658,591.1 (—51.3%) 1,270,732.7 (=6.1%)> 0.128 <406,957.4 93,042.6>
Bi-level - Obj2  Reduction of total travel time 1 377 735739y 1,371,244.7 (1.4%) ~0.11 6,826.6 14,418
Bi-level — Obj3 2,080,677.9 (—18.2%) 1,435,378 (6.1%) 1,374,944.9 (1.6%) 0.21 <267,873.9 232,126.D
Bi-level — Obj4 2,506,015.1 (—1.4%) 1,361,530 (0.6%) 1,433,657.8 (6%) 0.28 23,097.1 0

Bi-level — Obj5 2,636,993.1 (3.7%) 1,603,732 (18.5%) 1,388,661.6 (2.6%) 0.37 0 0

Bi-level — Obj6 2,347,273.4 (—7.7%) 1,555,349 (15%) 1,375,859.4 (1.7%) ~0.12 9,688.7 0

N2DRITED N LOKITE L B L 1- 540

1km& 7= Y D FRITRE D F15 2= (min)
2FDREDPEERIMET B ETV(ObjL)IZ. TTC-TURITENEBT LTI R ) ETTC-S(
AT LEERO AR MNEELHIZTWAD, FHNIZIEZPVEPTOREDZIET A7 DLZEEOHEEH W

BTHHZEITFR, TTTHEHER) II2ET LoFTRbEEL. ERS 7L —V—1EaET 5%
BHEEBEHOROEBENG L —FFT72RLTWS,

£0DT w;ﬁ%ﬁwTSF%hE’alMtTé-Ev‘-“u«(Obj3) Iz, TTTA18.2% & L5 j:mafoc‘ﬁu;‘@z?&uﬂif =%
ABEMZ T A, PVEPTOBREI AN DHEDENNE . BIESBINE FBBIEHERICH T 2 ~FE
DB I A I L T UL 5 (Table3),
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Numerical Experiment

BUERAIEBRA L /Findings from a Policy Perspective

RBFDEFHCEVWTATEZEBEIEILEHR
Prioritizing equity in the design of transportation networks

ZBAMBICH T DERENRCES L, FIAEZIL— T TORBECEESEIN DA TR 00 % (EE
EB IR EETIV/ Models worthy of attention

20RO ERIMLT B ET I (0bj1)

BODRT7 DIRKITEHIRERT 3 RHEDOFREEZEE2R/IMLT B EFIL(0bj3)

NHIGBEE DY 7 2EH, BREAEOHAZES L. DX EEEOFHZRET I2NELH S Z EHAREIN
%,

2F0EMOE ERIMET B ET I (0bj1)

PVORENRICZHADIRE L LW FHMFETIIH B D, AFHEEEZEICEVWT, BhEEREZRLTVWS, (@Y
TDNTIANRL, RITEAEIR FHEW)

BEFfSE L' ERT 2 B2 R/ILT 5 €T )L (0bjb)

EFMBEORITEISEHO DB VRITERRZIRET 2, ZOETILTIHEITRAEVICLMDHLT, BRAEZLH
RBLYLBHEBLDICLTWS, TOBER. EFSEEOPTREIORMIBI SN, PTREEIN AL —XIZH 5, L
L. BXRFIINGEZ Lo LT EHEENOEDICEVWTARRFE L5 T,
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Conclusion

b

Z]:p)
TR

2024/5/13

3'5
>
>
>

By 7 —IBREHIB VLW TATEZRY AN-“RBERELET VEIRE

REETNLTRERZELENE D >T=-L2FHOIBIBHAIREELET I 2B
EIBREA DAL EZTHRICEL 2T, BEFLIKTEOHEERZIRA.
MBROBETY T IC2EH -1
BEEBRTEETIND/INT7 +—< v R %A

2, 2EDOREONEEZRIMELT 3 ET L THENATEICEBh RIS
DY (W=

- BBA#BLZ <, EINF - FEHBEETKEL - T,
* MPEC& L TERIELL TMILPALBERLT 289D IEBICEL > 7T,

c CORNHPEEL TWBEMREBEEPEALLOLEOMEAE N LD - T,
A HBEICE > TOFErALETEIEVSI ESIC. ETFLLSIZERIC—ET S
wBEREFEONT-,
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