
Optimal Transport Networks
In Spatial Equilibrium

#
0/

#   

Pablo D. Fajgelbaum Edouard Schaal (2017) 

NATIONAL BUREAU OF ECONOMIC RESEARCH 1050 
Massachusetts Avenue
Cambridge, MA 02138

February 2017, Revised March 2017 



R 5 I D ED , I D4F C DIFE 3 ME AI D F -G C

ED D I

�

D E ED
6 ED E 1
2E

2E -DL EDC D
5 DD I 5 E C
5 EF I
, D P E ED L D 3 ME A

( 3 C CF C D ED
) -N DI EDI
I L -N CF I

4D EE ED 6 EC O
2 DO E I 1 E 2E O D 3ED EDL N O

E F . I D 3 M DIFE DE E I
( 6E 3 ME A -NF DI ED D 2 I E ED D - EF FF ED 

( , D , I P ED
( 5 C P ED
( 4F C -NF DI ED D 6 E ED

) ED I ED



1 1 1) (1 . �

p btko
• btko 1 de  © O

E w P NT a N

• NIN btko T i sDc
I a N

E i sDc a w a ST O

pmgp
a mgp

•
• de

E  btko u ST
• i sDc btko  krD a

pnDr i sDc
• NT i sDc qlp a
•  1



. ) A A

( A

�

n d ighmE d N b

n Ob d c R D p
N L I b o �����

n DPc c t RSpT s t Pc c d
cb
• 2 pT pT r s cb
• o q p DT apT

cb

n ighmE en k  D q D lEduw



 

�



3: . : ( :

) 1

�

• locations: J = {1, .., J } : O s N
• Lj j M n DL n
• 2S da

(1) Lj gip T rw (mobile)
(2) Lj v(immobile)

• Cj s j N o En=1,…,N eb q T E
• Cj

n eb n
• cj Cj/Lj: nmk

Preferences utility function u = U (!", ℎ")    (1) !"
ℎ"

• $" = ('"(, … , '"+ L"+ r mv E
s a IT ʼ P Dtms eb u ʼ E

• -" = (."(+, … , ."/+ eb r eb r lu OT
T

• 0"+ OT mvD T OT

Production production function: Y23 = 0"+(L"+, $"+, -"+ 



1 11 3 1 3 131 1 �

• nL������� li
! = ($, &) J: locations, E: edges

• ((j); nj	������
���
���������������
(q /e mk gpmk D

OoNP

 . 3 1

Underlying Graph

network d M aS
E T SbN I



3. 0 �

!"#$ = !"#(Q()* , ,"#) (4)
• !"#$ ( nm jPi k k D lk a )

→iceberg cost( ): a M a ( ) k MN D nm
a k 1 k e b jPi(1 + !"#$ ) k kD I

• Q()* : 
• ,"# n w a

01234
05678

≥ 0 (5)
ros a

→ Okd 1 a k.
a g E a a D

;!"#$
;I()*

≤ 0

→n w m SkT m kD
tpntp vq

• !"#(Q()* , 0) = ∞, !"#(Q()* ,∞) =0�n w i n w i
• !"#$ bn w g u tg k( ©g m )

 1

Transport Technology



4 4 6 4 66 4 D ) . 6 ( 6 61 6 �

!"# + ∑#& '"##& + ∑(∈*(") 1 + ."(# /"(# ≤ 1"# + ∑2∈*(") /2"#  
p

b c ET���
PSt

6 414

m g p j
6  

T

���

• P45 O onvr e e ad q Iw i N su PM kl  

34 ( 6 4

Flow Constraint



I 1 D E E: ) D:E: 3 D E E D E: : : : �

∑" ∑#∈%(") ("#) *"# = ,  
("#) S atmp de

lpn K
qtcT O Jatmp

w r i
bm K

, atmp
dtcq

M v  J
P O

E : 7: DE : E

atmp

u

. 7 : E

Network Building Technologies

kg s c Natmp w

atmp
- ojg



2 2 2 3. 2 (

) 12

��

2E
 

subject to:

 P Sm upk
2 a SM N

S 2 b n q

 tl 2 1 3 igso

s.t.

 a S d MSʼS jh S  yr e jh TwO I

2 D 2

 igso !"#$%&'(#) *%)&'(#): Y-.



D . 2. . ) . .

(

��

3 .  

����
	�������
����	������������� ����
������
����

 n su S T

 n ku

t l qmʼ N p o
U ryw E gie E I
mʼ O u = U(%&, ℎ& ) lPE M
dh Ob Ia E %& = 0 O

.



E A AA A A . A 1

3

��

A PTO I F A NSb

A 2 A da M
c

A (

A A

D 1



G 0 A1A8 8

0 1 F 0 2 A8 1 D

A8 1 ) 31A8

A8 1 D

A8 1 . AD

A8 1 D 0 2
N c !"#$r p d

e k i
 n e
 e tuwr

N e f 1 8 1 A 1 A 3 A c gcncP
r l b p  

N e dmp r d Pp c g
%&'()

%*+,-
M

83 2 3 A

0 1 F 2  ʼ y ud p

N0f e

, 1 8A A 1 cbe e dmp f v d p c s u
dO o e f f v e e n© p v

r pdf D 1 d P e A8 1 ) 31A8 a
d  

 

1 8 1 A 1 A 3 A

��



3 32

( . 3

3 3

3

3 )

3 . 2

1
• !"#$ %"#$ !"#$ n Q l

det ʼ %"#$ OQo
 p Qw A

4
• M N bac m p ks

ir

• P g
• FDQ
•

23



F . : : ( :

3

��

. :: . 1

2 :

)

. :: 1  su” e

s.t.
K! e

”
! suʼ : A  
"#$% j-k su P e ” kpg rut m 

3 D
d

. 1

) c . T eQg IaP
T e

Kfl flPe npw i bd eO Mo mlnp e
g Ne v i su ʼg e P e

su” be



M 0C D E E ) D :E 3C D CE . E C D E C

- 0C CE D

RP0 C D C e
 tuy q{I#$} kn N &'() *'() &, ,'( , N

E E a E L Df fl Sm
 kdN&'() *'() &, ,'( 1 , N C D C e

flO
b kd T N C ckN T EI o O

: C 0 C EC E 3C D CE ( DED

 

• ℬ > 0P O mgbrsu
ℬ = 0P C: DEa d d k rsu

• 1 pzwx d m S l rsue
γ ≥ 0P pzwx d l rsuo

• 4567 i N cbeʼ c e
• 1 DEC E 8569 :569 8, ;56 f



I 1 8D8 E E: 8D:90 E: 3 D E 8E D - 2 E: , : : :

. 8 1 8 E:8D

!"#$ %"#$ !, '"# ( ≥ * 1 7
M e d r kmi e

( km e  

 km fi cr er d n  

O e Slona fi c r I* d
Slona fi c r I* e d

I* +,-. d M fi cr q © n
I* +,-/ d M tuw na p n

• o e e cnP q gr e i

•  a ) km sefi c r I*�
����	���

1a Slona r

0 r d n m tuwe
+,-. j cbe c e
+123 dT nr tuwq N

: D 8 : : : 9 DE

 

 



O 3 : : C :2D DC 1: C . D -EI I ��

C : :p b 2D 1: C
 py p P ℬ ≥ #p k3 : N 3 C : q k

o r  pyik S q T ob sP

0C : 3 CD: :

p C : f rP mo qrPnq Tp
kw l k e q ʼ o qv

o rP q l x po cmw

q o P  l ℬ < #q Phekd p q l d
P T r T po

1C C :L M( : : C : : I C DC

tq q
prP o p m d

g ʼ a
© o r d P :: p
q q l ek r C ::

l f Ph lw o p
dgy m ʼ r ℬ ≥ #q p

uk 



G . A AA E A (

4 3 4 3 D E

trs n{"#$}S Pil a 3
A m PkI

• a b © k I
• b m pnq a
M 9 1
Muo a &#$'
M 3 3 A a b T Nv n a m lkI

i d a
3 3 A a

4 a

• m k bE a &#m kI
∑#)*+ &#,# = Π Πb a a a

M b m O l g m
M a e hk m

i4 A d a
w s

m i4d c 4 a z

O uo



- A A (

4

��

u ) A 4 . 3 4
geM P

 sP x b o k mP k
z t Sc !" W k mPrn m

 sP x b mP k z Sc o abT w
kPG 4 3A A d m l !" = $

% 
b nl rn ac k 3 4 D 3 A A

&"'

( 3 A F 4 3 A A AD

N  hfi v v rn fifld Nhfi 3 A P



O 3 CI I DC , C2EI C ED I 1 ILD .C 5E I - 9

( 0D

��

1 : . E CI I DC

E  

• DC M IN EE D : ci xce dgd
cQ

• 1DC :DC M IN n Pu diVct x n h m
b Q
T rpqsSo I"#d e h n  P

P v n ci hPrpqsS
o d ) n y bI"#n hP l a k

Q cP CC C I D b  ci t x
cw i n lQ



6 6 (6. 1 -6 D 0 ) 3

6 )E 6

Ø  
rkb© b bg t aO S N p !"#$ t N p

qgb e M E AC CI G A A

c ri OI b cg g n t I
M c a  g 6 t i rkbc g b cSbT L g

q g g 6  t q l b
SN c am reOI

Ø 2
rkbg© b u e e c g c aO S rt g
g b r kqmgc q cm I

M r o a edg g srq Su ceq t rqI

Ø 2  22
w o a cOP t e ri 6

M g 6 t q c o a cS I S aOq c k
x S aOq ct L O c g S qoP g

S eqI ri e g c cOP c eqI



 .

��



P CI I DC =C2EI A C ED I 1 I D /C E I A . A

/AA I I K . EA

 

o aih R! " 1RCD A D D A IN CD = D= E 9 9I DC 0T == = I CK I CI

( buRE D: 9I K INl g crS D: 9I K IN

,D E I K I I 9 DK 0 C N I 9 1 I D

vg me
xfdk ,44 y)$ %& O& O' O ' ()* & +,- '

ns pwRaih  tqns  



I . =C C = ( =C 1 = C C = 0 C ) D D  

Qe b lN P bk K QcgSOa j hQiTmS

C E 0C C 4 E = 0 C 4 C

  
1 = C C  0 =  

. 4 .  = D C = 4  

1 = C C  0 =  

. 4 .  = D C = 4  

D C C E )



D 4 44 . 5 4 4 4 4  

bg e p I E n
uNT KEwy r ST

tT gc bg e
m P ki

x bg e ki

v

NT to s P
Ex q a bg e kiE

lO s P

4

4 41 4 C 41 5



0 C D4D CD 4 3 4 C D . D C 2 4D 4 E E

14 I - 4D ) D C 4 . ) )4C C

 2 spr Nka Re
uxS gL b

T NrS gS T
a Nra

 2 2 ux
c spr Nk a gS
ux S L Nv qyN
O0 C D

 i lymw dg4 4 tnN
Ly k d S LqyN a L

• x ow D CL
• SP La1 or 0 productivitya

 2  2 2

ECD 4D 4 C (2 - 2 ) 7 :



1 1 =.=4 1 42

, = .=4 1 . : 1 , 2 - -  , -

•
• 2 0   m l w z"# ( 4 . D = 401E .=4  
• u I e e w z"$ ( 4 1 4= . 0 z"$ ( = 1 4 1 

• v y ~ % (

P r jh

P w jh

u w y ce d a r s uw y
u “ ed c ipno x t y

g d a” ipno

2 0 C2 0
u

) 1 ). 1 & ( ' (



= : 0 : 4:

- =0 ,C0 , 2 - -  , -

•
• “ 4 2  ( x  i h r z"# ) : 0 1 : =D 2 10 :  
• p a aN u x r z"$ ) : : D : 1 D 0:2 z"$ ) =  

• It v % )

~ n r ec
“

4 2 E4 2
p

. : : C 0 & ) ' )

~ n o ec

: C ” Idm l y P jg m
Idm l N s N x w



1 8D8 E4E 8D0 E 4 3 4 D E 8E D . 2 4E 4 F F

. FDE 4E G8 I4 8D 0 30 0 0

 

qslp a ( a u b O w b ac
atS a bvu d a g 4 E y PdN

!"#$ rsiT ehsnq km

8 4 ,84EF 8D 4 8 3 4 D E 38 8D

x  

km xgoqk



N 2D E F F E1 F 4D E DF 0 FI D=E 3 F , G D G  

. D FGD E 8 0 I 4D E DF 4 E

“r ps y m“ is y m
huvx p

k ci8D 8 FF =  
hs y ”

8D 8 g n r p g
r cg p ci

O D F To !"#$ t h gps y uvx
w h qa i O q q (ci O dSO ile

P i ib ao i r P

!% !& = ∞ 0 < !% < ∞

GEFD F , E 3 1 1 1



1C8D8 E4E 8D0 E 4 3C4 D CE 8E C D . 2 4E 4 F C F  

-8 C4 ,84EFC8D 4 8 3C4 D CE 38 8D

O d cee S c bd
 G8I 4D8

O c c d c c b

4 C E gN !"#$ tul b ahkuqs mnp
suorb i c i iS c w d P y d c

cvT c S dxw g c

1 < !' < ∞ �= * > ,

. FDEC4E G8 I4 8D 23 2



F 4 4 0 40 0 4 D . 0 0 1

4 0 (40 4 0 3 4D 0 4 4

sTN o p

m v T G OxSN p m v O w
G OxS

N O PN vO d N t O I
s l c tO mT h gi eO

I

k ar q u PS nk b N

0 4 E0 4  3



 .
.

��



M I I D -EI ED I 2 IKD E I .

( 5D ; 2 IKD . E D ; 1 D I D . DE

 

o n ce Nlo x o o
m m o do ng io m i m et

0p(% kaN o ©kai m t
o o D I D xo pl qlmo p n

k etNdo
0p kaN RTo x m t O

• (
• N N
• P(% o
S k
S D; p o n u

o N ; p rjO
• I"#$ P gm

o pNdo l
k nw i O

S o O
N pdo

S ; ae ; nw i
ae O p

N P j
 bj s



C , . 5 5

- . ( . 5 . )5 . . 5 5 (

��

su N kt c guo
r O Ndcguor E
I"#∗ − &'()*+ < 0 su b  E
m l w . 5 5 5  

• .  orui D b
Me guor

xO c Dipgu
E

• .  guor v
 Nd c Me D

  OE
•     f c D

a R guor
f c Dgu

or O
  D b a s

u xO cE
• D n

u w P
w Rb

5 . - . . 5

5 . ( . 5 . = 0

5 . ( . 5 0 > .  



5 5 15

3 ( 5 5 5 ) . 5 5 (

��

w io n rg M c

• io n e io n io n Nc g ©
• w io n kl M c   E

p p P e P w E io n
d c

• M M io n Nc R t g P
w io n g c

• p r io n
io n dc e p r u dc e
M a

• p P e p w p
io n w x p P g Nc D s dc

***=1% significance, **=5%, *=10%. 



/ 5 55 / . / ) / 5/ 5 5 5

/ ) / 5 / (5 / / 5 5

��

e cl T q t R S w PDpouM T xPTr

• x P O mg T NM
S PD mg Tt R
w P SnI E

k D c D i R OnI
Dd aDbm R Os  



(6 . ) ��

n u b ms nu E
• beqm k i  
• O b S
• u

n p t l w O © u
• I I Cc mq Cc mq

I
• c mq C b
• c mq

n c mq INP D
n ogrb I C T c mq b

b T IO a I


