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A. List of optimizers and schedules considered

Table 2: List of optimizers considered for our benchmark. This is only a subset of all existing methods for deep learning.

Name Ref. Name Ref.
AcceleGrad (Levy et al., 2018) HyperAdam (Wang et al., 2019b)
ACClip {(Zhang et al., 2020) K-BFGS/K-BFGS(L) (Goldfarb et al., 2020)
AdaAlter (Xie et al., 2019) KF-QN-CNN (Ren & Goldfarb, 2021)
AdaBatch (Devarakonda et al., 2017) KFAC (Martens & Grosse, 2015)
AdaBayes/AdaBayes-55 (Aitchison, 2020) KFLR/KFRA (Botev et al.. 2017)
AdaBelief (Zhuang et al., 2020) LA4Adam/L4Momentum {Rolinek & Martius, 2018)
AdaBlock (Yun et al., 2019) LAMB (You et al., 2020)
AdaBound (Luo et al., 2019) LaProp (Ziyin et al., 2020)
AdaComp (Chen et al., 2018) LARS (You et al., 2017)
Adadelta (Zeiler, 2012) LHOPT (Almeida et al.. 2021)
Adafactor (Shazeer & Stern, 2018) LookAhead {Zhang et al., 2019)
AdaFix (Bae et al., 2019) M-SVAG {Balles & Hennig, 2018)
AdaFom (Chen et al., 2019a) MADGRAD (Defazio & Jelassi, 2021)
AdaFTRL (Orabona & Pal, 2015) MAS (Landro et al.. 2020)
Adagrad (Duchi et al., 2011) MEKA (Chen et al., 2020b)
ADAHESSIAN (Yao et al., 2020) MTAdam {Malkiel & Wolf, 2020)
Adai (Xie et al., 2020) MVRC-1/MVRC-2 (Chen & Zhou, 2020)
Adal oss (Teixeira et al., 2019) Nadam (Dozat, 2016)
Adam (Kingma & Ba, 2015) NAMSB/NAMSG (Chen et al., 2019b)
Adam™ (Liu et al., 2020b) ND-Adam (Zhang et al., 2017a)
AdamAL (Tao et al., 2019) Nero (Liu et al., 2021b)
AdaMax (Kingma & Ba, 2015) Nesterov (Nesterov, 1983)
AdamBS (Liu et al., 2020¢) Noisy Adam/Noisy K-FAC {Zhang et al., 2018)
AdamNC (Reddi et al., 2018) NosAdam (Huang et al., 2019)
AdaMod {Ding et al., 2019) Novograd {Ginsburg et al., 2019)
AdamP/SGDP (Heo et al.. 2021) NT-5GD (Zhou et al., 2021b)
AdamT (Zhou et al., 2020) Padam (Chen et al., 2020a)
AdamW {Loshchilov & Hutter, 2019) PAGE (Li et al.., 2020b)
AdamX {Tran & Phong, 2019) PAL {Mutschler & Zell, 2020)
ADAS (Eliyahu, 2020) Poly Adam {Orvieto et al., 2019)
AdaS (Hosseini & Plataniotis, 2020) Polyak {Polyak, 1964)
AdaScale (Johnson et al., 2020) PowerSGD/PowerSGDM {Vogels et al., 2019)
AdaSGD (Wang & Wiens, 2020) Probabilistic Polyak (de Roos et al.. 2021)
AdaShift (Zhou et al., 2019) ProbLs (Mahsereci & Hennig, 2017)
AdaSqrt {Hu et al., 2019) PStorm (Xu, 2020)
Adathm (Sun et al., 2019) QHAdam/QHM (Ma & Yarats, 2019)
AdaX/AdaX-W (Liet al., 2020a) RAdam (Liu et al., 2020a)
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NFXP;% : Fixed-Point Solution

(X EBIES =&Y, Fixed-Point equationlE R &4 5
EV(x,d) = f lﬂgl Z exp[r(x’,d’; 6,,RC)+ BEV(x/, d’)]} (12)
x'=0

d'{0,1]

x ps(dx'|x, d, 63).
SHDREXEKSE], RYOKECEIHEILT, RiL.

,, _ [ Pr{x’ = 344105}, ifd=0
p;:,(x |.)Ck, da 6%) — PI'{.JC’ — ’%l+j|63}7 ifd=1 (13)
I EA PN ,
EV(%i,d) =) log} > explv(x’,d'; 6;,RC)+ BEV(x, d)]
j=0 L d'€{0,1} (14)

X p3(X'| Xy, d, 03).
X COXBEZSNTND | EV=[EV(%),0),...,EV(ix,0), EV(§;, 1), ..., EV(ig, D]

HZ g1k

EV=T(EV,0) (9



NFXP;% : inner algorithm

BEIED T T, AENE EVy = Ty(EVp)(15) &3R5S
(15)[FINEBE R THY, RHOMILT .

[ To(W) =To(V)|| < BI[W = V| (16)

ZDHEENS, EV,ZFRTEHTS.
EVii1 = To(EVy) (17)
DFY, TiLEis.
|To(EVi41) — To(EVi)| < BlEVi41 — EVi|
S |EViyo — EVigq| < BlEVi4 — EVi|
BDZEE TEV,lZim K.

=1L, EVyZ/{AE=0IZIE, k=oAL ETHY, A B RIEETIRUNBEIELLS.
e mifETIE, XX ZEFHUVS(Newton-Kantorovichik).

0= —Tg)EVis1 ~ (I — Ty)EVi + (I — T})(EVisr — EV3)  (19)
EViir = EVi — (I = T}))"*(I — Ts)EV (20)

(18)
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Aguirregabiria and Mira(2002)

Step1: EV 23245 LIZEZ %S

Step2: EV,.Zz(9) XD ALIZR AL, EERKILT H/\TA—520,7KH5
exp[r(x,d; 6;,RC)+ BEV(x,d)]
Y explr(x, d’; 6;,RC)+ BEV(x,d)]

d’'e{0,1)

Step3: EV, &6, AT, (14)KXKYEV,,,ZKHSDH ©NFXPODInner Algorithm

P(d|x; 0) = (9)

J
EV(&,d)=> log{ Y  explv(x’,d'; 6;,RC)+ BEV(x',d)]
j=0 d'<{0,1) (14)
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HEEEIX/NTA—E2H 4 DDIBEE (L, NPLIZOEE

TABLE 1
MONTE CARLO EXPERIMENT

Experiment design

Bus engine replacement model (Rust)

Model:

Parameters: 6, = 10.47; 8, = 0.58; B =0.9999
State space: 201 cells

Number observations: 1000

Number replications: 1000

Initial probabilities: Kernel estimates

Monte Carlo distribution of MLE
(In parenthesis, percentages over the true value of the parameter)

by

L

2.08 (19.9%)
1.56 (14.9%)
2.24 (21.4%)

Mean Absolute Error:
Median Absolute Error:
Std. dev. estimator:

Policy iterations (avg.): 6.2

0.17 (29.0%)
0.13 (22.7%)
0.16 (26.9%)

Monte Carlo distribution of PI estimators (relative to MLE)
(All entries are 100" (K-PI statistic-MLE statistic)/MLE statistic)

Estimators
Parameter Statistics 1-PI 2-Pl 3-PL
6, Mean AE 4.7% 1.6% 0.3%
Median AE 14.2% 0.2% -0.3%
Std. dev. 6.8% 1.2% 0.3%
B, Mean AE 18.7% 1.5% 0.2%
Median AE 25.1% 0.7% 0.6%
Std. dev. 11.0% 1.3% 0.2%

Nestefi Pseudo Likelihood Algorithm (NPL):

Let 6, be an estimate of §,. Start with an initial guess for the conditional
choice probabilities, P’ € [0, 1]*. At iteration K > 1, apply the following steps:

Step 1: Obtain a new pseudo-likelihood estimate of a, aX, as

K = K—1

(1) o =argmaxyin ¥ (P )ax)
where ¥,(P)(alx) is the element (a, x) of F,(P).

Step 2: Update P using the ‘arg max’ from step 2, i.e.

(12) P¥ = [ax,gf)(PK*‘).

Iterate in K until convergence in P (and @) is reached.
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(Su & Judd (2012))

MPEC (Mathematical Programming with Equilibrium Constraints)Z FiL\/=3K i#

(1=, (15)RZE=FMEHEHRPNFHFESHZBELBREEERE.
(FMTHAHAEDFEABY)

1
max —L(6,EV) (11)

(6,EV)

subjectto  EV=T(EV, 6) (19)

NFXPOAFREN S DEHTORZFEEAELNTLNSADICHEART,
BellmanDEFHK (15)&—EFHM I nILLL\D T, STEER/ X/
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STEBE DL

(Su & Judd (2012))

Parameters -250BIFTE D FEHELY, /N3
e ———— BDEY, DEE LR

B Implementation  True values: 11.726  2.457 0.0937 0.4475 0.4459 0.0127 MSE R =5 A +
BH \ gl C
0975 MPEC/AMPL  Mean 12212 2.607 0.0943 04473 04454 0.0127 3.111 Bb i%l} iﬁ = (j:’ NFXP&IE'I L/%I:I
Std. dev. (1.613) (0.500) (0.0036) (0.0057) (0.0060) (0.0015) — 3 s Y G
MPEC/MATLAB  Mean 12,212 2.607 0.0943 04473 0.4454 0.0127 3.111 %—C;%%) &t ’ ﬁ%@*ﬁ};@%'i
Std. dev. (1.613) (0.500) (0.0036) (0.0057) (0.0060) (0.0015) — EYEIAA

NFXP/MATLAB Mean 12213 2606 00943 04473 04445 00127 3.123
Std. dev. (1.617) (0.500) (0.0036) (0.0057) (0.0060) (0.0015) -

0.980 MPEC/AMPL  Mean 12.134 2578 0.0943 04473 04455 00127 2857
Std. dev. (1.570) (0.458) (0.0037) (0.0057) (0.0060) (0.0015) -

MPEC/MATLAB  Mean 12134 2578 00943 04473 04455 0.0127 2857
Std. dev. (1.570) (0.458) (0.0037) (0.0057) (0.0060) (0.0015) -

NFXP/MATLAB  Mean 12.130 2579 0.0943 04473 0.4455 0.0127 2866
Std. dev. (1.571) (0.459) (0.0037) (0.0057) (0.0060) (0.0015) —

0985 MPEC/AMPL  Mean 12.013 2541 0.0943 04473 04455 00127 2.140
Std. dev. (1.371) (0.413) (0.0037) (0.0057) (0.0060) (0.0015) -

MPEC/MATLAB  Mean 12.013 2541 00943 04473 04455 0.0127 2.140
Std. dev. (1.371) (0.413) (0.0037) (0.0057) (0.0060) (0.0015) -

NFXP/MATLAB  Mean 12.021 2544 0.0943 04473 04455 0.0127 2136
Std. dev. (1.368) (0.411) (0.0037) (0.0057) (0.0060) (0.0015) —

0990 MPEC/AMPL  Mean 11.830 2486 0.0943 04473 04455 00127 1.880
Std. dev. (1.305) (0.407) (0.0036) (0.0057) (0.0060) (0.0015) -

MPEC/MATLAB  Mean 11.830 2486 00943 04473 04455 0.0127 1.880
Std. dev. (1.305) (0.407) (0.0036) (0.0057) (0.0060) (0.0015) -

NFXP/MATLAB  Mean 11.830 2486 0.0943 04473 0.4455 0.0127 1.880
Std. dev. (1.305) (0.407) (0.0036) (0.0057) (0.0060) (0.0015) -

0.995 MPEC/AMPL  Mean 11.819 2492 0.0942 04473 04455 00127 1892
Std. dev. (1.308) (0.414) (0.0036) (0.0057) (0.0060) (0.0015) -

MPEC/MATLAB  Mean 11.819 2492 00942 04473 04455 0.0127 1.892
Std. dev. (1.308) (0.414) (0.0036) (0.0057) (0.0060) (0.0015) -

NFXP/MATLAB  Mean 11.819 2492 00942 04473 04455 0.0127 1.892
Std. dev. (1.308) (0.414) (0.0036) (0.0057) (0.0060) (0.0015) -

4For each g, there are 250 replications. Standard deviations are reported in parentheses. MSE is calculated by
summing over all structural parameters.
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(Su & Judd (2012))

Runs Converged CPUTime  #of Major  # of Func.  # of Contraction

B Implementation (out of 1250 runs) (in sec.) Iter. Eval. Mapping Iter.
0.975  MPEC/AMPL 1240 0.13 12.8 17.6 —
MPEC/MATLAB 1247 7.90 53.0 62.0 -
NFXP 998 24.60 55.9 189.4 134,748
0.980  MPEC/AMPL 1236 0.15 14.5 21.8 —
MPEC/MATLAB 1241 8.10 574 70.6 —
NFXP 1000 27.90 55.0 183.8 162,505
0985  MPEC/AMPL 1235 0.13 13.2 19.7 -
MPEC/MATLAB 1250 7.50 55.0 62.3 —
NFXP 952 43.20 61.7 227.3 265,827
0.990 MPEC/AMPL 1161 0.19 18.3 42.2 -
MPEC/MATLAB 1248 7.50 56.5 65.8 -
NFXP 935 70.10 66.9 253.8 452,347
0.995  MPEC/AMPL 965 0.14 13.4 21.3 —
MPEC/MATLAB 1246 7.90 59.6 70.7 -
NFXP 950 111.60 58.8 214.7 748,487

4For each B, we use five starting points for each of the 250 replications. CPU time, number of major iterations,
number of function evaluations and number of contraction mapping iterations are the averages for each run.
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Figure 1: CPU times for MPEC-AMPL and NFXP-NK as a function of sample size
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Urata & Hato, under review, 2023

NFXP (Nested Fixed Point algorithm)
(iterate [optimize b and solve a])

ALETARE LOPHNIZE D ani SOVE al)
: (2) Solve Fixed point EV(8) :
i ! N : 1 e |
| EV 10 = G(@/,EVi(0)) i
I [ = o . . . |
| EV(0)) = G0V, EV(8)) |
NPL (Nested Pseudo-likelihood estimator) | _ !
(iterate [optimize b and updatea’])) . _ L Even| | o i
i (2’) Update EV ¢/, EV’ G : (b) Maximum likelihood estimation ::
! i (parameter 8) ' i
: j+1(g)) = J EVicol > max LL(6’ A
| EV (6/) = G(&/,EV/ (8))) EVIT() > 12 (¢’) ::

MPEC algorithm (optimize b’ with evaluate a”)

(b”) Maximum likelihood estimation with Equality constraints
(parameter @, EV)
Igax LL(@,EV)
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Q-Learning: @ BT R
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BT
Q(s,a) « Q(s,a) + alr + Bmaxy Q(s',a’) — Q(s,a)]

l%ﬁﬁ'é TEI(s, ) DIEBA S - BERIREROQDEZ/NSWLIT

QIEZ I Ll T B (sutton 1988) = Deep Q-Network

Target Network Q Network D E #h
Q(s,al07) ® ® ® Q(s, al0)
S8 D L i ey
EViiq < T(EV,, 6;) argmax L(0|x, EVy)
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Qi (s,0) = ) P(sls, ){R(S, @) + Vi1 (D)
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