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« TBIZaAL— 3 DH
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IZI&k7F9 51THNIL, BERDEEZ, FEEHA A
':I/IZ}O—C g/kn"’ﬁ—d—m(ié:u

c HARFBMETCOERMDEEDETERRED, TOEMEIZHIT
HAEBEMDEEZRTEL, TNIZEST, ERDFEETD
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FSA/\—I%, BEDRERICEDIT, 3XHEIKR
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Day-to-dayd#&Y:RLET & 7
« $2UIRLEBERETERIT AT AM/\—DFEBIEL
2al—ia L TLFEAIEEKLN?
—EHBDUIAL— 3 FREYIRT.

—FSA4/\—1F, BEDQOHDEHIKRZSHET 5.
~-SH=MHELTELLW, FEETILEEZEZTHEELLN.

« CHOEZABRIIIELLY.

« BURLFTEZITO-IFER 12172 KBYLT
n‘fﬁ'-'d’%;tlifﬁ‘fa&\h\ ?




1) #ErkRe
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hlE, MEDFBRIYEIOERRZRF-7E0.

— COREN—BRIIITNIE, CHLUFE, EDORSA/\—
Y, BIRBEEZEZ ST (TZHH=EL\DT, €0
RENRWICEELTEIRTHEMNHF TES.
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= &1k &8 11

CDeELEED
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= L1 7 SlleCCt to: J IR ATH R

opxiEE——q, =) f forallieQ
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1) reR;
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Beckmann et al. 1956 1 =— /)L KDWebH A+ TEX 2SN TLVS
https://cowles.yale.edu/sites/default/files/files/pub/misc/specpub-beckmann-mcguire-winsten.pdf
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» BRIBEMILIRTUOvILERILBEIRTES.
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- X BAERFHZEHIREEELE-HEILRERE

o 7 — LI TIKIARTUOOYILT — L EFEA.

—W\ABNAEEEMNLL.
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» Frank-Wolfe;ZZF R 5 A &N —AZRY
— IR TITGELD, ERAMELAHY, EIZERETES.

— LeBlanc et al. (1975)

o EXTERRIRIER (—HR(Z(XDijkstrajzZ AL 5) &
1IRTIRER(EEREENZRHAIND) Z

HABHES.
— FIAEHEE S BT, FWIEOLPELREED

e RIERKIERMECETRIOND.
Chizk->THENASEILSN TN,



Frank-Wolfeix 14

e x, nEIHDIEYRLETETOD) VIR BE/\NF—
 Step 1: All-or-nothing#c 573

~ ODHINDHERERRZFTEL, FODDODRBENEES
ZTDERBEERICESL, TOEED) VIOXBE/INF—2yY
5t 59 5.

- RERBRIERICIEDijkstra;EZALVSZEMN LY. Dijkstraii (&
IDDEANLE/—FETORERBEFEHTETEITHDT,
All-or-nothingBe 7' (&, R ZEICTEEOHTHETHDH &KL,

s RERBERETIVENGZNILISEE ! ZFO0DOODXKEEE
L) OIZERA LD, FOODDRERRIIENTRL).
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Frank-Wolfei% 15

o Step 2:1RTIEER
~x,=-a)x,+ay &L, sxEBEILRIED B HIBE %K
Z2(x, )emx/METHOLUEILULTDaZEtET 5.

N RTIEZRDHEIFI A TEEDOLGLD, EEHEE
ZRAUWNIENZRIZETE TES.

Step1&2%#&YIRT .
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Frank Wolfe®) Z=E

# FWZ & bhHZIBEIERDIRYT FW is going to repeat for five times here.
69 for k in range(1,5):
70 # BRRITREZEE EROFWTHNIE, VY IRTHEZAELTH SRERKBRREZT D)
71 # Calculate route travel time, note that it must be replaced by the shortest path search
72 # with link travel times calculated.
73 route_TT = calcRouteTT (link_traf x)
74 minTT = 10000000

75 minRoute ="

76 for route in route_TT: Step 1

7 if minTT > route_TT[route]: _ -

78 minTT = route_TT[route] I IERRIRR L

79 minRoute = route TEHRFNZETITEOTLNS
80 print ("Shortest route: ",minRoute,minTT)

81

82 # All-or-nothing Ec4>

83 link_traf_y = calcLinkTraf(

84 {'a"OD_traf*('a'==minRoute),b":OD_traf*('‘b'==minRoute),'c:0D_traf*('c'==minRoute)}
85 )

86 print ("All-or-nothing assigmnent: " link_traf_y)
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Frank Wolfe®) Z=E

—RITHRR (B AEICEK D)

89 # One-dimension search (Naive method)
90 minObj = 100000000
ol minAl = O EHE%?:Z
92 for alpha in range(0,30001): TRTHERIE
93 al = alpha / 30000 BAERTITE-OTLNS
94 link_mix = {}
95 for link in links:
96 link_mix[link] = al * link_traf_y[link] + (1-al) * link_traf_x[link]
97 obj = calcObjUE(link_mix)
o8 if (minObj > obj):
99 minObj = obj
100 minAl = al
101
102 print ("1D search alpha = ",minAl," Obj = ",minObj)
103
104 # —RITERORERZBAWVWT, VY IRBEEZEH
105 # Update link traffic volume pattern using the optimal solution of 1-D search.
106 for link in links:
107 link_traf_x[link] = minAl * link_traf_y[link] + (1-minAl) * link_traf_x[link]
108
109 print ("Current link traffic volume: " link_traf_x)
110 print ()
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* Method of Successive Average

* Frank-WolfeD X7y 72M a %, BHIFEHD
sz T O EGKEHIZIKRD S
~BHELDH, WEES>—TEDHEIEHS.
—a=1/n EETTDIENZBLY s#MiEshefinBFHETE
—aZzTH/NESWMEIZEELTHKL.
(&, Best response dynamics& X S Day-to-day
DESAN—DITENRERAEETILICHEET 5.
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» BRIBAB D EN#HLILMESICFIFATES.
- SUED B MBEIBITRIRRBENAD
- BEZLOEXCDALETEH D (FHM1991)
- RE(LRREICE B TEEVHEETHLSEHIEZD.
+ COBEFINREN RSN BN EITER.
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~-BHADIIAL—a v ERYIRT.
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HWERRED—E LT EHE 23
s WENMKENEHHAEEIE, ECITYET M
HMHLIEL. STEDFEIRREIZIKTFET 5.

» REGFHERENZITNIL, TLELIEIRRE
FERERITHIRBET HIEIETSEMEL

Transportation Capacit Transportation Capacity
cost}]  curve cost curAve
: *Demand
curve
Flow Fow
Figure 3.1. Unstable Case Figure 3.2. Stable Case

Beckmann et al. 1956 https://cowles.yale.edu/sites/default/files/files/pub/misc/specpub-beckmann-mcguire-winsten.pdf
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It is well known that uniqueness and stability are guaranteed properties of traffic equi-
libria in static user-equilibrium traffic assignment problems, if the link travel utilities are
assumed to be strictly monotonically decreasing with respect to the link traffic volumes.
However, these preferable properties may not necessarily hold in a wide range of trans-
port problems with complex interactions, e.g. asymmetric interactions (including dynamic
traffic assignment), social interactions, or with economies of scale. This study aims to in-
vestigate such solution properties of transport models with complex interactions between
users. Generic formulations of models are considered in this study, both for utility func-
tions and for the evolutionary dynamics relevant to the stability analysis. Such an anal-
ysis for a generic formulation is mathematically challenging due to the potential non-
differentiability of the dynamical system, precluding the application of standard analyses
for smooth systems. To address this issue, this study proposes a transport system with
two alternatives and two user groups. While it is a simple model whose dynamics can be
depicted on a plane, it also includes the core components of transport models, i.e. multi-
ple choices and user-classes. This study classifies all possible formulations into nine cases
with respect to the signs (i.e. positive or negative) of interactions between users. Then,
the evolutionary dynamics of each case is mathematically analysed to examine stability of
equilibria. Finally, the solution properties of each case is revealed. Multiple equilibria exist
in many cases. In addition, cases with no stable equilibrium are also found, yet even in
such cases we are able to characterise the circumstances in which the different kinds of
unstable behaviour may arise.

© 2019 The Authors. Published by Elsevier Ltd.
This is an open access article under the CC BY license.
(http://creativecommons.org/licenses/by/4.0/)
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It is well known that uniqueness and
stability are guaranteed properties of
traffic equilibria in static user-equilibrium
traffic assignment problems, if the link
travel utilities are assumed to be strictly
monotonically decreasing with respect to
the link traffic volumes. However, these
preferable properties may not necessarily
hold in a wide range of transport
problems with complex interactions, e.qg.
asymmetric interactions (including
dynamic traffic assignment), social
interactions, or with economies of scale.
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... the existence of positive interactions. In the
traditional context of transport studies, interactions
between users are considered to be mostly originated
by congestion phenomena, which creates negative
iInteractions enip). In contrast, positive interaction is
characterised by a situation in which the increased

patronage of a transport facility increases its
attractiveness for other users.
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Fig. 1. Feasible region and state vector on phase diagram.

two alternatives and two user groups
two-dimensional problem

18 Sep 2021 Takamasa Iryo

30



EHTHEEERADEF

18 Sep 2021

..|‘J

100
80
60
40
20

XA

Takamasa Iryo

31

100
80
60
40

' 20



EHRTHEEFEROIF

Casel | B—H (E-—H) Case?2 | OO0 (O—0O)

q NIREINEY: N D\ PN
A% \\\ A - p \\\\ D
b ™ : g k. R :
S| arg S
\/

“b'lid)%%)é’r A% —EBEUREHERENHD
ORBMIHEELITLTHEZEE F—RIFEL RN !

18 Sep 2021 Takamasa Iryo



EHHTHEEIERADEIFR 33

Case 6 | =0 (=] There exist two groups of
& T \ov % D travellers,. calleq leaders and
% ‘\3 \ ~~ | followers in a city. Followers

S o A ~ || always observe leaders

A behaviour because they want
- to imitate it and leaders also

have slight social interactions

between them.

Leader-follower model
imR RN, NREL, FLETEHEMNE
Day-to-dayD EF D HFEIZIKTFT 5.
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¢« RBUVATLDIFERTHCHRIED-OHIZIL,
VATLATHOIAEODHEBEERADODEZEEZEZEZIGCTIE
AEYA AN

- WEMREE . HAEEARADOHER, xBHUICEELTEIRT S
(LZ2) 14K Re.
- TNEEHLLEREBER S FIAEHER S

« F{ismE(LBEIZKSHEE%  Frank-Wolfeix

s WEFEOD—EMHELTEEDREE
- BMEHEEREEZLLE, OB T LB LS.
— Day-to-dayD:ERITENRABBIZEZES>ETIVITEHM?
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How to solve 1D optimisation problem 36

* The golden-section search is a well-known
method for a convex (or concave) function.

» Consider:min f(x) sub.to:0 < x < 1.

f(X) A f(x) is a convex function

18 Sep 2021 Takamasa Iryo



How to solve 1D optimisation problem 37
f(x) 1

0 Xla X1b 1

Set two intermediate points, denoted by x,, and x,,
and calculate f(x,,) and f(x,) .

18 Sep 2021 Takamasa Iryo



How to solve 1D optimisation problem 38
f(x) s ™

~ \\
~
~ *
S *
~ .
~
~
\\
~

SS
SS
- ~o
® ~
~
~
NN
~

It f(x,,) > f(x;;,) , the optimal point is between x,, and 1
at all times because the function is convex.
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How to solve 1D optimisation problem 39
f(x) 1

Do the same thing between x, and 1 instead of 0 and 1.
Repeating this process, the section where the optimal
point must exist is getting shorter.

18 Sep 2021 Takamasa Iryo



Golden section search 40
f(x) 1

0 X1a X1ip Xy 1

Now find x,,and x,, so that x,, = x,,. If we can do so,
we can reduce the number of calculations of f(x).

18 Sep 2021 Takamasa Iryo



Golden section search

X1b—X1a __ n
* = X1a 3 —+vV5
—X1a - xla p—
* X1p =1 —x14 2

e

0 Xla X1b Xop 1
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Golden section search

=3—\/§_1 3—\/§= 145

a:b > > 1 >
Golden ratio
a b
— —
X
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Golden section search: Algorithm 43

import math

def func(x):
return (x-0.7)*2

def goldenSearch(func,xa,xb,tolerance,isExact,isPrint):

# 22 (RE2E%Z1& U{E) Golden ratio (entire section is set to 1)
gr = (3-math.sgrt(5))/2

# XEDiE With of the entire section

10 wd = xb - xa

11 # ERI9EINIE DHIERE Initial valuel of the left-hand side dividing point
12 Xa_int = xa + wd*gr

13 fa = func(xa_int)

14 # GRIDBINIE DOHIHEAE Initial valuel of the right-hand side dividing point
15 xb_int = xb - wd*gr

16 fb = func(xb_int)

OCOoO~NOOITPA,WN —

18 Sep 2021 Takamasa Iryo



18
19
20
21

22
23
24
25
26
27
28
29
30
S

82
33
34
35
36
S
38
39
40
41

while True:

# STEFKR DA Printing the calculation process
if isPrint:

print ("(%6.4f,%6.4f,%6.4f,%6.4f) (%8.61,%8.6f)" % (xa,xa_int,xb_int,xb,fa,fb))

# 200REEMTATHADTHNIEE, ERSEILKDAERIZTIDZEET
if (fa > fb):

18 Sep 2021

Xa = Xa_int
wd = xb - xa
# FHULWERAIDEIDOEE Caculating new left-hand side dividing point
# HEHEOREZAWTS I, HBATHELRBELTWS (FzvIHA)
# The following calculation does not utilse the advantahe of the golden section method,
# for checking purpose only.
if (isExact):
Xa_int = xa + wd*gr
fa = func(xa_int)
# HE&EHEIc Kk BEE Calculation based on the golden section method.
else:
xa_int = xb_int
fa="fb
# FLWHAIDEIDEE Caculating new right-hand side dividing point
xb_int = xb - wd*gr
fb = func(xb_int)

Takamasa Iryo



42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58

else:

xb = xb_int

wd = xb - xa

if (iskxact):
xb_int = xb - wd*gr
fb = func(xb_int)

else:
xb_int = xa_int
fb = fa

Xa_int = xa + wd*gr

fa = func(xa_int)

# RHZE Convergence check
if (xb_int - xa_int) < tolerance:
break

return [0.5*%(xb_int + xa_int),0.5*(fa+fb)]

18 Sep 2021 Takamasa Iryo
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é2 print ("Answer:", goldenSearch(func,0,1,0.01,True,True))
63 print()

64 print ("Answer:", goldenSearch(func,0,1,0.01,False,True))
65

66

> (0.0000,0.3820,0.6180,1.0000) (0.101146,0.006718)
(0.3820,0.6180,0.7639,1.0000) (0.006718,0.004087)
(0.6180,0.7639,0.8541,1.0000) (0.004087,0.023747)
(0.6180,0.7082,0.7639,0.8541) (0.000067,0.004087)
(0.6180,0.6738,0.7082,0.7639) (0.000688,0.000067)
(0.6738,0.7082,0.7295,0.7639) (0.000067,0.000870)
(0.6738,0.6950,0.7082,0.7295) (0.000025,0.000067)
Answer: [0.6909830056250525, 9.783292789580766e-05]

(0.0000,0.3820,0.6180,1.0000) (0.101146,0.006718)
(0.3820,0.6180,0.7639,1.0000) (0.006718,0.004087)
(0.6180,0.7639,0.8541,1.0000) (0.004087,0.023747)
(0.6180,0.7082,0.7639,0.8541) (0.000067,0.004087)
(0.6180,0.6738,0.7082,0.7639) (0.000688,0.000067)
(0.6738,0.7082,0.7295,0.7639) (0.000067,0.000870)
(0.6738,0.6950,0.7082,0.7295) (0.000025,0.000067)
Answer: [0.6909830056250525, 9.78329278958062e-05]
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import math

def func(x):
return (x-0.7)**2
#FW(I0DA7 . BIGREEH RIS S SMELT )
# Frank-Wolfe algorithm, with shortest path search enumerating all outes.
def goldenSearch(func,xa,xb,tolerance,isExact,isPrint):
# 9%t (K ¥l £ A% 1& L1 {E) Golden ratio (entire section is set to 1)

import numpy as np

import pandas as pd gr = (3-math.sqrt(5))/2
from scipy.optimize import minimize

import malplotib.pyplot as pit # X M1E With of the entire section
# BISEERHSO0DEEEEH KT S Caloulating OD traffc volume from route traffic volume wd = xb - xa

def calcODTraf(route_traf):

forroute n routes # 214 B2 78 O #HAME Initial valuel of the left-hand side dividing point
re«u:’n’::', = oute.raftute] xa_int = xa + wd*gr
fa = func(xa_int)

# BEEARS Y2 H3RBEHET S Caloulaling Ik traffic volume from route tralfic volume
de’hﬁ:mn:wx"mm = # B85 B E DY HAE Initial valuel of the right-hand side dividing point
for link in links: oo *
lnk_traffink] = xb_int = xb - wd*gr
for rout )
or rout ekmmr%mes[mme] fb = func(xb_int)

link_traf[link] += route_trafroute]
return link_traf

B EERG - while True:
i tclining the styciee Hneion hom I uatie volame
et aloObUE(Ink tra
o ke # 5+ E 52 Dt H Printing the calculation process
O o e a2 if isPrint:
rem o print ("(%6.4f,%6.4f,%6.4f,%6.41) (%8.6,%8.61)" % (xa,xa_int,xb_int,xb,fa,fb))

# UL OB D EHHORITHEEHHT S Calculating route travel time from lnk trafic volume
def calcRouteTT (link_taf)
e #220AFMTETHYTHAE, ERSBLVEREDYEET

for route in routes:

route_TTlroute] = 0 R X
for route in routes: if (fa > fb):
for Imk m routes|route] = il
[om‘e]— Bt TTlroute] ¥ xa = xa_int
T, ] wd = xb - xa

return route_TT

. #HLLWERIS B D E Caculating new left-hand side dividing point
# ZTHBA( 2 JL—F 2 Main routine _
BERTOULDERD YIRS A5 (8 BRI, SR ED &R #REFHOBILEANT =, HBATHALGEL TV S (FryIR)
T e oo ol oy ! e coet of affic voume) # The following calculation does not utilse the advantahe of the golden section method,
# for checking purpose only.
ORBELALET B

By
B A ouiod ent ke ncisded by cach route. i "
routes=(a"[A"/B], b:[C' DY, "¢"[AVE, DT} if (isExact):

xa_int = xa + wd*gr
$ O OZAR/ (52 LUBRT R ODTARCE SHRC -

#AED BEKEHNCESNTRERBRERLTRBERDSE - ;
e ok et valme patirn, Aceion 80D e e s nere fa = func(xa_int)
#1 must be replaced by the shoriest path search with ree-flow link ravel tmes given 2= ) .
0D, trat = # EL2 5Bk S5 Calculation based on the golden section method.
lnk_raf_x = caleLinkTraf((a0D_tra,5:0,:0}) else:
print "Il lnk trafic volume: "k traf_x) P
print () xa_int = xb_int
fa=1fb
IV £Y D5 TSRS FW 1 gong o repeat for o s ere .
\ : . o ;
BB RE I RROPW T, U IR ETRMEH ELThSRIERBERETS) # $LULVEEI 5B D F 5 Caculating new right-hand side dividing point
# Calculate foute traveltime, note that it must be replaced by the shortest path search ot = b - wd
#with link travel imes calculated xb_int = xb - wd*gr
te TT = cacoueTT(ink_at Z ;
foue T = cacRouTT(nk af ) fb = func(xb_int)
minRout .
for route i route_TT: else:
if minTT > route_TT{route]: xb = xb_int
minTT = route_TT[route] -
minRoute = roite _
print (*Shortest route:  minRoute, minTT) wd = xb - xa
# Alor-nothing 124 if (isExact):
link_t Ira! cachkarm i = - *
050 St a minRoute) 1:0D_taf*(b'==minRoute),¢-0D_raf (¢ xb_int = xb - wd*gr
) _ )
print (“All-or-nothing assigmnent: *nk_traf_y) fb = func(xb_int)
else:
— R R MR £ D)
e amension search (Nane method) b int = xa int
for o a0 0001} fo=fa
Ipha / 30000 il = *
Tk oz xa_int = xa + wd*gr
for ink in inks: _ ;
link_mix{ini] = ai*lnk_traf_y[ink] + (1-al) * ink_traf_x{ink] fa = func(xa_int)
obj = GalcOBIUE(ink_mix)
it (minObj > ob):
inOb - ob) @
minAl = al # IR ¥ E Convergence check
print (1D search alpha = *minAL” Obj = *.minOB) if (xb_int - xa_int) < tolerance:
break
—RERROBERERNT, U yRBEETH
e Ik ot rame patiens g ine Gpimal solution o 1.0 search
for link i lnks:
link_traf_x{ink] = minAL* ink_traf_y[ini] + (1-minA) * link_taf_x{ink] return [0.5*(xb_int + xa_int),0.5*(fa+fb)]

print (*Current link traffic volume: " ink_traf_x)
print ()

print ("Answer:", goldenSearch(func,0,1,0.01,True,True))
print()
print ("Answer:

, goldenSearch(func,0,1,0.01,False, True))
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